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Abstract 

We construct a natural smooth compactification of the space of smooth genus-one curves with 
k distinct points in a projective space. It can be viewed as an analogue of a well-known smooth 
compactification of the space of smooth genus-zero curves, i.e. the space of stable genus-zero 
maps Q7to,fc(P", d). In fact, our compactification is obtained from the singular space of stable 
genus-one maps 97li,fc(P",d) through a natural sequence of blowups along "bad" subvarieties. 
While this construction is simple to describe, it requires more work to show that the end result 
is a smooth space. As a bonus, we obtain desingularizations of certain natural sheaves over the 
"main" irreducible component OJlj^ j,(P",d) of 9Jli^fc(P", d). A number of applications of these 
desingularizations in enumerative geometry and Gromov-Witten theory are described in the 
introduction. 
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1 Introduction 

1.1 Background and Applications 

The space of degree-d genus-y curves with k distinct marked points in P" is generally not compact, 
but admits a number of natural compactifications^ . Among the most prominent compactifications 
is the moduli space of stable genus-^ maps, 93lp^fe(P"', d), constructed in [Gr] and [FuP]. It has found 
numerous applications in classical enumerative geometry and is a central object in Gromov-Witten 
theory. However, most applications in enumerative geometry and some results in GW-theory have 
been restricted to the genus-zero case. The reason for this is essentially that the genus-zero moduli 
space has a particularly simple structure: it is smooth and contains the space of smooth genus-zero 
curves as a dense open subset. On the other hand, the moduli spaces of positive-genus stable 
maps fail to satisfy either of these two properties. In fact, 9?lg^fc(P",d) can be arbitrarily singular 
according to [V2]. It is thus natural to ask whether these failings can be remedied by modifying 
9Jlg^fc(P"^,d), preferably in a way that leads to a range of applications. As announced in [VZ] and 
shown in this paper, the answer is yes g=l. 

We denote by 9Jti,fc(P"', d) the subset of 9)ti,fc(P"', d) consisting of the stable maps that have smooth 
domains. This space is smooth and contains the space of genus-one curves with k distinct marked 
points in P" as a dense open subset, provided d>3. However, 9Jti^fc(P", d) is not compact. Let 

M°fe(P",d) be the closure of 9Jti,fc(P", d) in the compact space Mi,fc(P",c/). While Mi fe(P",d) is 
not smooth, it turns out that a natural sequence of blowups along loci disjoint from ^(P", ci) 

leads to a desingularization of ^Uli j^{¥'^, d), which will be denoted by Tl^ ^(P", d). 

The situation is as good as one could possibly hope. A general strategy when attempting to desin- 
gularize some space is to blow up the "most degenerate" locus, then the proper transform of the 
"next most degenerate locus", and so on. This strategy works here, but with a novel twist: we 
apply it to the entire space of stable maps 9Jli,fe(P", d). The most degenerate locus is in fact an 
entire irreducible component, and blowing it up removes it^. Hence one by one we erase the "bad" 
components of 9Jti_fc(P"', d). Each blowup of course changes the "good" component ^.(P", d), 
and miraculously at the end of the process the resulting space 971^ ^.(P", d) is nonsingular. We note 

^ We call a space 371 a compactification of 2Jl if 9H is compact and contains 9Jl. In particular, 9Jl need not be dense 
in OT. 

^Blowing up an irreducible component of a stack will result in the component being removed (or "blown out of 
existence"), and the remainder of the stack is blown up along its intersection with the component in question. 
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that this cannot possibly be true for an arbitrary g, as 9Jlg^fc(P",d) behaves quite badly according 
to [V2]. The sequential blowup construction itself is beautifully simple. It is completely described 
in the part of Subsection 1.2 ending with the main theorem of the paper, Theorem 1.1. However, 
showing that m%{¥"-,d) is in fact smooth requires a considerable amount of preparation (which 
takes up Subsections 2.1-4.2) and is finally completed in Subsection 4.3. 

The desingularization S!Jt° ^^.(P", d) of 9ni,fe(P", d) possesses a number of "good" properties and has 
a variety of applications to enumerative algebraic geometry and Gromov-Witten theory. It has al- 
ready been observed in [Fo] that the cohomology of 971^ ^(P") d) behaves in a certain respect like the 

cohomology of the moduli space of genus-one curves, Mi^k- The space SJlJ fe(^"' can be used to 
count genus-one curves in P", mimicking the genus-zero results of [KM] and [RT] (though perhaps 
not their simple recursive formulas). Proceeding analogously to the genus-zero case (e.g. as in [P], 
[VI], and [Z3]), Theorem 1.1 can then be used to count genus-one curves with tangency conditions 
and singularities. In all cases, such counts can be expressed as integrals of natural cohomology 
classes on 93ti fe(P",d) or 97^° ^.(P", d). Integrals on the latter space can be computed using the 
localization theorem of [ABo], as ^JU^ /^{F'^ , d) is smooth and inherits a torus action from P" and 

Mi,fe(P-,d). 

We next discuss two types of applications of Theorem 1.1 in Gromov-Witten theory, as well as a 
bonus result of this paper, Theorem 1.2. It is shown in [Z4] and [Z6] that the space M^ j^(P",d) 
has a natural generalization to arbitrary almost Kahler manifolds and gives rise to new symplectic 
reduced genus-one GH^- invariants. These reduced invariants are yet to be constructed in algebraic 
geometry. However, the spaces QJt^ ;j(P", d) do possess a number of "good" properties and give rise 
to algebraic invariants of algebraic manifolds; see the first and last sections of [VZ]. It is not clear 
whether these are the same as the reduced genus-one invariants, but it may be possible to verify 
this by using Theorem 1.2. 

Theorem 1.1 also has applications to computing Gromov-Witten invariants of complete intersec- 
tions, once it is combined with Theorem 1.2. Let a be a nonnegative integer. For a general 
sGi70(P",Opn(a)), 

Y = s-^{0) C P" 

is a smooth hypersurface. We denote its degree-d Gromov-Witten invariant by GW^^(d; •), i.e. 

GWlkid;i;) = {i>,[mg,kiY,d)Y'') for all V'ei?*(Mg,fc(>^,d);Q). 
Suppose il is the universal curve over Tlg^k{F^, d), with structure map tt and evaluation map ev: 

H — >P" 

7r 

Mg,k{^",d). 

It can be shown that 

GWj;t(d;V') = (V'-e(7r,ev*Opn(a)), [^o,fe(F", d)] > (1-1) 
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for all V' £ -ff*(2)To,fe(IP") (^); Q); see [Bea] for example. The moduli space 9Jto,fe(P",d) is a smooth 
orbifold and 

7r,ev*Opn(a) ^Mo,fe(P",d) 

is a locally free sheaf, i.e. a vector bundle. The right-hand side of (1.1) can be computed via the 
classical localization theorem of [ABo]. The complexity of this computation increases quickly with 
the degree d, but it has been completed in full generality in a number of different of ways; see [Ber], 
[Ga], [Gi], [Le], and [LLY]. 

If n = 4, so y is a threefold, then 

GWY4d;^P) = ^i^Z^GWo^,(d; V) + {^P ■ e(7r.ev*Op.(a)), p°,(P^d)]> (1.2) 

for all tp G i7*(93ti,fc(P^,d);Q); see [LZ, Crl. 1.5]. This decomposition generalizes to arbitrary 
complete intersections Y and perhaps even to higher-genus invariants. The sheaf 



7r*ev*Cpn(a) — > W^^ki^, d) (1.3) 

is not locally free. Nevertheless, its euler class is well-defined: the euler class of every desingulariza- 
tion of this sheaf is the same, in the sense of [Z5, Subsect. 1.2]. This euler class can be geometrically 
interpreted as the zero set of a sufficiently good section of the cone 

naturally associated to the sheaf (1.3)^; see the second part of the next subsection and Lemma 5.1. 



One would hope to compute the last expression in (1.2) by localization. However, since the variety 
Mlfc(P^(^) and the cone Vfi, are singular, the localization theorem of [ABo] is not immediately 
applicable in the given situation. Let 

7^:^0fc(P^d)^^,fc(P^d) 

be the projection map. As a straightforward extension of the main desingularization construction 
of this paper, we show that the cone 

^*v^fe^^,,(p^c^) 

contains a vector bundle 

v^fe^9J^°,(p^d) 

of rank da = rk j^|g;jjo ^(p4,d)! Theorem 1.2. It then follows that 

(V; ■ e(7r.ev*Opn(a)), [M?,,(P^ d)] > = ■ e(vf,,), [M°fc(P^c^)]> 

= <#V-e(Vf,,),[^,,(P^,d)]). 



(1.4) 



^^i,fc is a variety such that the fibers of the projection map to SJl? ^.(P'', d) are vector spaces, but not necessarily 
of the same dimension. 
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The last expression above is computable by localization. 

Remark: Another approach to computing positive-genus Gromov-Witten invariants has been pro- 
posed in [MaP]. In contrast to the approach of [LZ], it applies to arbitrary-genus invariants, but 
can at present be used to compute invariants of only low-dimensional and/or low-degree complete 
intersections. 

The main desingularization construction of this paper is the subject of Section 4, but its key aspects 
are presented in the next subsection. The construction itself and its connections with Sections 2 
and 3 are outlined in Subsection 1.3. We suggest that the reader return to Subsections 1.2 and 1.3 
before going through the technical details of the blowup constructions in Sections 2-4. In the next 
subsection, we also describe a natural sheaf over SUt^* j^(P", d) which is closely related to the sheaf 

7r<,ev*(9pn (a) over M^j* ^,(P", d). It is shown to be locally free in Section 5. Finally, all the data 

necessary for applying the localization theorem of [ABo] to dJl^ j^{F"' , d) and e{Vfj^) is given in 
Subsection 1.4. 

Through this article we work with Deligne-Mumford stacks. They can also be thought of as ana- 
lytic orbivarieties. As we work with reduced scheme structures throughout the paper, we will call 
such objects simply varieties. Also, all immersions will be assumed to be from smooth varieties. 
(The notion of "immersion" is often called "unramified" in algebraic geometry.) 

The authors would like to thank Jun Li for many enlightening discussions. 
1.2 Description of the Desingularization 

The moduli space 9JIi^a;(1P", d) has irreducible components of various dimensions. One of these com- 
ponents is 971° j^(P", d), the closure of the stratum OJtJ ^(F", d) of stable maps with smooth domains. 
We now describe natural subvarieties of 93ti^fe(P", c/)^ which contain the remaining components of 
Mi,fe(P'*, d). They will be indexed by the set 

Ai{d, k) = {cr = (m; Jp, Jb) '■ m^'L'^ , m<d; [fc] = JpU Jb}, 
where [k] = {1, . . . , k}. 

For each a € Ai{d,k), let 9Jti^o- (P", ci) be the subset of S[)ti_fe(P", d) consisting of the stable maps 
[C,u] such that C is a smooth genus-one curve E with m smooth rational components attached 
directly to E, u\e is constant, the restriction of u to each rational component is non-constant, and 
the marked points on E are indexed by the set Jp. Here P stands for "principal component", B 
stands for "bubble component" , and A stands for "admissible set" . Figure 1 shows the domain of 
an element of dJli^ai^^-, d), where o"= (3; {2}, {1}), from the points of view of symplectic topology 
and of algebraic geometry. In the first diagram, each shaded disc represents a sphere; the integer 
next to each rational component Ci indicates the degree of ti|ci- In the second diagram, the compo- 
nents of C are represented by curves, and the pair of integers next to each component Ci shows the 
genus of Ci and the degree of n|cj- In both diagrams, the marked points are labeled in bold face. 

*In fact, these will be substacks of the stack 9Jli,fe(P"', d). They can also be thought of as analytic sub-orbivarieties 
of the analytic orbivariety S?li,fc(P"', d). As we work with reduced scheme structures throughout the paper, we will 
call such objects simply varieties. 
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Figure 1: The Domain of an Element of 9Jli,o-(]P", d) 



Let 9Jti,<^(P", d) be the closure of S!Jti,CT(P", d) in 07ti,fe(P", d). The space 97ti,^(P", d) has a number 
of irreducible components. These components are indexed by the splittings of the degree d into m 
positive integers and of the set Jb into m subsets. However, we do not need to distinguish these 
components. 

It is straightforward to check that 

Mi,ik(P", d) = M° fe(P", d) u U Mi,,(P", d). 

Dimensional considerations imply that if a = (m; Jp, Jb) € A-iid, k) and m<n, then ^i^„(P'^, d) 
is a union of components of 9Ki^fc(P",d). The converse holds as well: 9Jti,o-(P", d) is contained in 
;j(P"', d) if m>n by [Z4, Theorem 2.3]. However, we will use the entire collection Ai{d,k) of 

subvarieties of OJli.fc(P", d) to construct 9Jt'j' ^(P", d). The independence of the indexing set Ai{d, k) 
of n leads to a number of good properties being satisfied by our blowup construction; see (2) of 
Theorem 1.1 and the second part of this subsection. It may also be possible to use this construction 
to define reduced genus-one GW-invariants in algebraic geometry; this is achieved in symplectic 
topology in [Z6]. 

We define a partial ordering -< on the set Ai {d, k) by 

a' = (m! ; J'p , J'b) -< a=(m;Jp,JB) if c't^u, m' <m, and J'p^Jp. (1-5) 

This relation is illustrated in Figure 2, where an element a of Ai{d, k) is represented by an element 
of the corresponding space 9Jti^(j(P") c^)- We indicate that the degree of the stable map on every 
bubble component is positive by shading the disks in the figure. We show only the marked points 
lying on the principal component. The exact distribution of the remaining marked points between 
the components is irrelevant. 

Choose an ordering < on Ai{d,k) extending the partial ordering -<. The desingularization 

7f:^?,,(P",d)^mt;,fe(P",d) 

is constructed by blowing up 9Jli^fc(P'*, d) along the subvarieties 93ti,cr(P", d) and their proper trans- 
forms in the order specified by <. In other words, we first blow up 93li,fe(P"', d) along SWi^o-min d), 
where 

fTmin = (1;0, [k]) 
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Figure 2: Examples of Partial Ordering (1.5) 



is the smallest element of Ai{d, k). We then blow up the resulting space along the proper transform 
of 9Jti^CT2 (IP") ^^)) where a2 is the smallest element of Ai{d, k) — {a^^iri} . We continue this procedure 
until we blow up along the proper transform of 9Jti,o-niax(^") d), where 

o-max = (d; [A;],0) 

is the largest element of Ai{d, k). The variety resulting from this last blowup is the proper transform 
^^^^(P",^) of M?_fc(P'*,d), as all other irreducible components of Mi^fcCP", c?) have been "blown 
out of existence" . 

The first interesting case of this construction, i.e. for Ttl Q{¥'^,3), is described in detail in [VZ]. 
The space dJt^ oC^^' ^ smooth compactification of the space of smooth plane cubics. It has a 
richer structure than the naive compactification, P^, does. 

Theorem 1.1 Suppose n,dEZ'^, A;gZ+, < is an ordering on the set Ai{d, k) extending the partial 
ordering -<, and 

iT:mUr\d)^Tf,^,{r\d) 

is the blowup o/M^^^,(P", d) obtained by blowing up 9Hi,fe(P"',d) along the subvarieties 2JIi,ct(P"', 
and their proper transforms in the order specified by < . 

(1) The variety dR\j^{¥'^,d) is smooth and is independent of the choice of ordering < extending -<. 

(2) For allm<n, the embedding Tfl ,^{F"\d) — >OJl'|'^(P"^, d) lifts to an embedding 

m%i¥"^,d)^m%{¥-,d) 

and the image of the latter embedding is the preimage 0/971° j.(P"^, d) under tt. 

(3) The blowup locus at every step of the blowup construction is a smooth subvariety in the corre- 
sponding blowup o/ 9Jti^fc(P", d). 

(4) All fibers of tt are connected. 

Remark: While in Section 4 we analyze the blowup construction starting with the reduced scheme 
structure on 9Ki^fc(P", d), Theorem 1.1 applies to the standard scheme structure on 9Jti^fc(P"', d) 
as well. It is known that Til i^{F"' , d) ^ smooth stack (as such maps are unobstructed, see for 

example [VI, Prop. 5.5(c)]). Thus, its scheme-theoretic closure, 9Jti j.(P", d), is reduced. During 
the blowup process all other components of S[)ti,jfc(P"', d) are "blown out of existence", as is any 
non-reduced scheme structure. 
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In Theorem 1.1 and throughout the rest of the paper we denote by the set of nonnegative 
integers. We analyze the sequential blowup construction of Theorem 1.1 in Section 4 using the 
inductive assumptions (/l)-(/15) of Subsection 4.3. One of these assumptions, (/3), implies the 
second part of the first statement of Theorem 1.1, as different choices of an ordering < extending 
the partial ordering -< correspond to different orders of blowups along subvarieties that are disjoint. 
For example, suppose 

a0= (2;0,{1,2}), ai = (2; {1}, {2}) , and ^2 = (2; {2}, {1}) . 

While OJli^o-i (P", d) and 9?ti,cr2 d) do intersect in 9Jti^2(lF'"') d), their proper transforms are disjoint 
after the blowup along 9Jli^o-0 (IP™! c^)- The second statement of Theorem 1.1 follows immediately 
from the description of the blowup construction in this and the next subsections, as each step of 
the construction commutes with the embeddings of the moduli spaces induced by the embedding 



The main claim of this paper is that OJl^ ^.(P", d) is a smooth variety. The structure of the space 
of maps from curves with no contracted genus-one components 

mi%{F^, d) = d)- U Mi,.(P", d) 

is well understood; see [MirSym, Chapter 27] for example. In particular, OJt^^, (P" , is smooth. 
Below we describe the structure of the complement ^^.(P'", d) of TVl^^{¥'',d) in ^^.(P'', d). 

If J is a finite set and 5 is a nonnegative integer, we denote by Aigj the moduli space of stable 

genus-^i curves with \ J\ marked points, which arc indexed by the set J. Similarly, we denote by 
^g,j(^"', d) the moduli space of stable maps from genus-g- curves with marked points indexed by J 
to P". If JG J, let 

ev, :Mg,j(P",d) ^P" 
be the evaluation map at the marked point labeled by j. 

If (7 = (m; Jp, Jb) is an element of Ai{d, k), we define 
Ma;P = Mi^[m]ujp and 

m mm 

M^;B(P^d) = {(6i,...,5^) €n^o,{o}uj,(P",c?i):t^i>0, ^di = d; \JJi = JB; 

i=l i=l i=l 

evo(6iJ = evo(6i2) Vii,i2G[m]|. 

There is a natural node-identifying surjective immersion 

: M^.pxM^.Bif"', d) Mi,^(P", d) C Mi,fc(P", d). 



As before, P denotes "principal component" , and B denotes "bubble components" . This immersion 
descends to the quotient: 

la-. (>la;PxM^;s(P",d))/G^ ^Ml,^(P",d), 
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(0,(ii) 





a = (3;0,0) 

di+d2 + d:i + d4 = d 
di,d2, ds, d4>0 



(0,d4) 



Figure 3: A Point in aJti,o-(P", d) cS[ni,o(P", d) with Two Preimages under 1^ 



where Ga = Sm is the symmetric group on m elements. If m>3, la- is not an isomorphism as some 
subvarieties of the left side are identified. An example of a point on the right which is the image of 
two points on the left is given in Figure 3. In addition to the conventions used in Figure 1, in the 
first, symplectic-topology, diagram of Figure 3 we leave the components of the domain on which the 
map is constant unshaded. The subvarieties identified by the map get "unidentified" after taking 
the proper transform of 9Jti,o-(P'^, d) in the blowup of 9Jti,fc(P'^, d) at the step corresponding to 

a = max. [a' E Ai{d, k) : a' ^a}. 

This is insured by the inductive assumption (113) in Subsection 4.3 and implies the third statement 
of Theorem 1.1. For example, if m = 3 and A; = as in Figure 3, the "identified" subvarieties are 
"unidentified" after the blowup of the proper transform of SDti (2;0,0)(P"', c?)- 

Remark: Throughout the paper, we use dJl (fraktur font) to denote moduli spaces of stable maps, 
of genus-zero or one, into P". We use M (calligraphic font) to denote moduli spaces of stable curves. 

For each i G [m] , let 

7ri:M<,;B(P",o!) ^ U ^o,{o}uj,(F",c^») 

di>Q,JiCJB 

be the natural projection onto the zth component. We put 

m 
i=l 

where Lq — > ^o,{o}uJi(^"' ^ di) is the universal tangent line bundle for the marked point 0. In 
Subsections 2.3 and 3.4, we construct blowups 

Ti'cr;P = T^l,{[m],Jp) ■ Ma;P = Mi^([rn],Jp) ^ Ma;P = Mi^[m]ujp and 

We also construct a section 

= Gr(^<,;B(P",ci);E;.B®7r;.B7r;^^^^ev^rP"), (1.6) 

where 

evo : M^;b(P", d) P" and ttpf^^^ : ^P<t;B M<,;b(P", d) 
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Figure 4: Changes in the Boundary Structure of SPti j.(P", d) under the Desingularization 
are the natural evaluation map and the bundle projection map, respectively, and 

is a line bundle. This line bundle is the sum of the tautological line bundle 

and all exceptional divisors. The section V^-b is transverse to the zero section. Thus, its zero set, 

Z,.b(P", d) = V-^{Q) C mi,;B(P", d), (1.7) 
is a smooth subvariety. The boundary 59715 A:(^"' ^ union of smooth divisors: 

5Sai;,fe(P",d)= y ^,(P'^,d)/G^, where Z^i^"" ,d) = M^,pxZ^,b{^'' ,d)- 

aeAi{d,k) 

see the inductive assumptions (17) and (/8) in Subsection 4.3 and Figure 4. By the inductive 
assumption (/6) and {17), the normal bundle of ^^.(P", d) in 3Jli^jfc(P", d) is the quotient of the line 
bundle ^ 

K;P ® 7r;;B7a;B ^ A^a;P X ^a;s(P", C?) 

by the GCT-action, where ^ 

Lo.;P=L >■ A1o-;P = -A4i,([m],jp) 

is the universal tangent line bundle constructed in Subsection 2.3. Thus we conclude that 971^ fcl^") d') 
is smooth, as the open subset 9Jt^^(P", d) is smooth, and its complement is a union of smooth divi- 
sors whose normal sheaves are line bundles (i.e. with their reduced induced scheme structure, they 
are Cartier divisors). 

Remark 1: In the Gromov-Witten theory, the symbol E is commonly used to denote the Hodge 
vector bundle of holomorphic differentials. It is the zero vector bundle in the genus-zero case. 
The line bundles over moduli spaces of genus-zero curves and maps we denote by E, with various 
decorations, play roles analogous to that of the Hodge line bundle over moduli spaces of genus-one 
curves. The most overt parallel is described at the end of Subsection 2.2. There are deeper, more 
subtle, connections as well; compare the structural descriptions of Lemmas 3.8 and 4.10, for exam- 
ple. 
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Remark 2: Throughout this paper, the symbols P and 2), with various decorations, denote vector 
bundle sections related to derivatives of holomorphic maps into P" and of holomorphic bundle 
sections. In most cases, such bundle sections are viewed as vector bundle homomorphisms. 

The final claim of Theorem 1.1 follows from the fact that SUtJ j^(P"', (i) is unibranch (locally irre- 
ducible). If TT : y — ''X is a surjective birational map of irreducible varieties, and 7r~^(x) is not 
connected for some x^X, then X is not unibranch at x. 

We next describe a desingularization of the sheaf 7r*cv*Opn(a) and of the corresponding cone V^^ 
over fc(P", d). Let il=7f*H be the puUback of il by tt: 



il ^il- 



9JtO,(P«,d)^OT^^,(P",d). 

For each a^Ay {d, k) , let 

be the cone induced by the sheaf Opn(a), similarly to V^^.; see Subsection 5.2 for details. It is a 
vector bundle of rank da+1. We note that 

where 

TTB : Ma;P X Z^-si^^, d) i^;B(P", d) 

is the projection map. Let £ = 7*®", where 7 — ^-P" is the tautological line bundle. 
Theorem 1.2 Suppose d,n, a ^Z'^jmd kel^'^ . 

(1) The sheaf 'Ki,TT*e\*Ofm.{a) over ^{^'^ , d) is locally free and of the expected rank, i.e. da. 

(2) IfVf^(Zf*Vfj^ is the corresponding vector bundle and a E Ai{d, k) , then there exists a surjective 
bundle homomorphism 

over Z(^-^b{P^ I d) such that 

^i,fe|24P.,,) = KkerS,;s)/G,. 

(3) 7i-*7r*7f*ev*Opn(a) = 7r*ev*Opn(a) over mi?^j.(P", d). 

We prove the first two statements of this theorem by working with the cone 

The sheaves 7r*ev*Opn(a) and 7r*7f*ev*Opn(a) are the sheaves of (holomorphic) sections of 

vf,, ^Mi,fe(/:,d)|^^^(p„^^ ^^,,(p",d) 
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and TT*Vfi^, respectively; see Lemma 5.1. In Subsection 5.4, we lift the blowup construction of 
Subsection 3.4 to 93ti,fc(£, d). In particular, we blow up 9Hi_a;(£, d) along the subvarieties 

Mi,^{C,d) =p-ipi,^(P",d)), aeAi{d,k), 

and their proper transforms. The end result of this construction, which we denote by j^{jC,,d), 

is smooth for essentially the same reasons that M^j,(P"',ci) is. The only additional input we need 
is Lemma 5.7, which is a restatement of the key result concerning the structure of the cone V^^ 
obtained in [Z5]. The bundle 

p:mlj,{c,d)^ml,{r\d) 

of vector spaces of the same rank contains dJl^ , d) as the zero section. Thus, p is a vector 
bundle. There is a natural inclusion 

Tilkic,d)^rmi,k{jc,d). 

All sections of 7ir*9Jli,fe(£, d) must in fact be sections of SDtJ fe(^)^) thus the sheaf 7r*7f*ev*Opn(a) 
is indeed locally free. The bundle map 

of the second statement of Theorem 1.2 is described in Subsection 5.2. It is the "vertical" part 
of the natural extension of the bundle map V^r-B from stable maps into P" to stable maps into C 
Finally, the last statement of Theorem 1.2 is a consequence of the last statement of Theorem 1.1; 
see Lemma 5.2. At this point, this observation does not appear to have any applications though. 

Remark: By applying the methods of Section 5 and of [Z5] , it should be possible to show that the 
standard scheme structure on 93ti jfc(P"', d) is in fact reduced. 

1.3 Outline of the Main Desingularization Construction 

The main blowup construction of this paper is contained in Subsections 4.2 and 4.3. It is a sequence 
of idealized blowups along smooth subvarieties. In other words, the blowup locus dJll^^ at each 
step comes with an idealized normal bundle A/""^^. It is a vector bundle (of the smallest possible 
rank) containing the normal cone M for ^.^ ■ After taking the usual blowup of the ambient space 
along SJli CT^, we attach the idealized exceptional divisor 

along the usual exceptional divisor 

£ = FM c 

The blowup construction summarized in Theorem 1.1 is contained in the idealized blowup construc- 
tion of Section 4. The latter turns out to be more convenient for describing the proper transforms 
of M? fc(P",d), including at the final stage, i.e. j^.(P", d). 

The ambient space STTi^ at each step a G {0}uAi{d,k) of the blowup construction contains a 
subvariety SOT^^^* for each a* &Ai{d,k). We take ^1^^ to be the idealized exceptional divisor for 
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the idealized blowup just constructed, i.e. along ^)ytlJ^. U a* < a or a* > a, Tli^* is the proper 
transform of Stti^o-* 2Jti^(j* (P", d), respectively. 

Every immersion tg-* of Subsection 1.2 comes with an idealized normal bundle A/^'^if- It is a vector 
bundle of the smallest possible rank containing the normal cone to the immersion (see Defini- 
tion 4.1). It is given by 

^ ^ 7i"pLj(8)7rB7r*Lo if a* = {m*; Jp, Jb), 

ie[m*] 

where 

vrp , TTs : A4<,» ;p X M,* ; B (P" , d) ^ ;P , M,. ;B (P" , d) 

are the component projection maps. In the case of Figure 1, A/]"^^ is a rank-three vector bundle 
encoding the potential smoothings of the three nodes. At each step a of the blowup construction, 
La* induces an immersion La;a* onto Tli . Like the domain of La-* , the domain of t^.a* splits as 
a Cartesian product. If cj* > o", the second component of the domain does not change from the 
previous step, while the first is modified by blowing up along a collection of disjoint subvaricties, as 
specified by the inductive assumption (/9) in Subsection 4.3. The idealized normal bundle A/}*^*^ , is 
obtained from A/^*^^ ^ » by twisting the first factor in each summand by a subset of the exceptional 
divisors, as specified by the inductive assumption (111). These blowup and twisting procedures 
correspond to several interchangeable steps in the blowup construction of Subsection 2.3. For 
a* = a, the first component in the domain of La-i,cT bas already been blown up all the way to M^-p 
and the first component of every summand of A/^^^j ^ has already twisted to the universal tangent 
line bundle L, i.e. 

= © 7r>L07r^7r*Lo = 7r|,L ® tt^F^.b 7W<.;p xM^;b(P'^, d), 

if cr = (m; Jp, Jb)- In particular, the domain for La,ai 

FAfi^l,^^=Ma-pxFF,.B, 
still splits as a Cartesian product! The idealized normal bundle for La,a is the tautological line for 

p_yyride . 

f'O" — 1,(J 

Kfl = TA^idc = Tr*phm*BjF^.s = Tr*phm*B^a;B- 

On the other hand, if a* < a, the domain of Lcr,a* is obtained from the domain of t^-i^a* by 
blowing up the second component along a collection of disjoint subvarieties, as specified by the 
inductive assumption (/4) in Subsection 4.3. This corresponds to several interchangeable steps 
of the blowup construction in Subsection 3.4. By the time we are done with the last step of the 
blowup construction in Subsection 4.3, P-F(r;S has been blown up all the way to 9Jlo-;s(P"', d). In 
the a* <a case. 



'■CT.CT* '■CT-1,( 



since Ttl,jl is transverse to ^i^J^ ■ 
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We study the proper transform ^Jt^ of 9Jl;^ ^-(P", d) in 9Jti ^ by looking at the structure of 

Given a finite set J, there are natural bundle sections 

Sj€r(Mi,j;L*m*), j^J, and G rpo,{o}uj(lP", d); L^^ev^TP"); 

see Subsection 2.2 and 3.2, respectively. By Lemma 4.10, the intersection of 

z", ^vi(M?,,(P",d)) 

with the main stratum Ma*;P'x'^a*;B{^"',d) of Ma*-px'^a*;B{^"',d) is 

Z^. = {beMa*;pxma*;B{^'',d):keiV^,\bj^{0}} 

where 

Pa* e r(A^a*;pxM<,*;ij(P",d);Hom(A/;'J,7r|,E*®7r|jev^rP'^)), 
Lj,L,®7r|,<Lo = ^P«i®^s<^o, Vie [m*]. 

In addition, if J\fZ^* CA/^^^, is the normal cone for the immersion ta,a*\z''^ into M^(o)' ^^^^ 
andMZ^* is the closure ofAfZ^* in A/^'*^^. By Lemma 4.5, J\fZ^* is still the closure oiJ\fZ^*\^o , 

a* ^ a* 

but now in A/l^^^,, for all a<a*. In Subsection 2.3, we construct a non- vanishing section 

Si G r(7Wi,j;L*®E*) « r(ATi,j;C) 

obtained by twisting Si by some exceptional divisors. Since Si agrees with Si on A4cr*-p, we can 
replace Sj with in the descriptions of Po-*, -Z^, , and J\fZ^,\„Q above. In particular, J\fZ^*~^ is 

the closure of 

J\fZ^*\^Q = 7rpL(8)7rB ker Po.*;b|20 C 7rpL(8)7r^Fo.*;B, where 
e rp<..;B(P",d);Hom(i^V-B,ev^rP")), = n*Vo, ViG[m*]. 



The bundle homomorphism Vfj*.^B induces a section 

Po e r(PF,.;B;7:;B®^;F..,evSrP"). 

By the previous paragraph and Lemma 4.5, Z'^l is the closure of 

Ma*;P X ^o''(0)nPi^a*;BL^.^^(p„,d) C Ma*.,P X FF^*.b and 

A/"^^* = 7rpL(8)7r^7CT;B|2a*- 
14 



Since OT°_^(P", d) = ^^_7''(P", d) is the proper transform of Tt^^o^ in Tllj'', 
is still the closure of 

On the other hand, in the process of constructing the blowup 9Jt(j;B(P", d) of FFcr*-B in Subsec- 
tion 3.4, we also define a bundle section 

by twisting Vq by the exceptional divisors. In particular, 

Since V„*.^b is transverse to the zero set, we conclude that 

Z^* = Ma*-P X V^lsi^), 

as stated in Subsection 1.2. 

Finally, the role played by the blowup construction of Subsection 2.4 in the blowup construction 
of Section 3 is similar to the role played by the construction of Subsection 2.3 in the construction 
of Section 4. In the case of Section 3, we blow up a moduli space of genus-zero stable maps, 
PF(H,J)) along certain subvarieties ^q^^ and their proper transforms. These subvarieties are images 
of natural node-identifying immersions lq^q. The domain of io,^ splits as the Cartesian product of 
a moduli space of gcnus-zcro curves and a moduli space of genus-zero maps, defined in Subsec- 
tions 2.4 and 3.3, respectively. As we modify 9?to^^ by taking its proper transforms in the blowups 
of PF(f^ J) constructed in Subsection 3.4, the first factor in the domain of the corresponding im- 
mersion changes by blowups along collections of smooth disjoint subvarieties, as specified by the 
inductive assumption (/6). This change corresponds to several interchangeable steps in the blowup 
construction of Subsection 2.4. By the time we are ready to blow up the proper transform of 9?to^^, 
the first component of the domain of the corresponding immersion has been blown up all the way 
to Mq^pp , the end result in the blowup construction of Subsection 2.4. 

In the blowup construction of Subsection 3.4, we twist a natural bundle section 

e r(PF(«,j);7(*^^^)®7r;f^^_^^evSrP-) 

by the exceptional divisors to a bundle section 

G r(^(H,j)(P",ci);E*®7r*,(H,j)7r^i.(,,,,evSTP«). 

The two sections enter in an essential way in the main blowup construction of this paper. It is 
also essential that is transverse to the zero set. The section T>q is transverse to the zero set 

outside of the subvarieties 9?lo^^ and vanishes identically along ^Q^g- Its derivative in the normal 
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Figure 5: A Refined Decorated Rooted Tree and its Decorated Graph 

direction to io,e is described by Lemma 3.11, using Lemma 3.8. The bundle sections Si over a moduh 

space of genus-zero curves defined in Subsection 2.2 and modified in Subsection 2.4 enter into the 
expression of Lemma 3.8. In fact, this expression is identical to the expression for T>„* above, 
i.e. in the genus-one case. We use Lemma 3.11 to show that with each newly twisted version of Vq 
is transverse to the zero set outside of the proper transforms of the remaining subvarieties SJlg^^, 
i.e. the ones that have not been blown up yet; see the inductive assumption (14) in Subsection 3.4. 
In particular, at the end of the blowup of Subsection 3.4, we end up with a twisted version of Vq, 
which we call ^?(k,j)) which is transverse to the zero set. 

1.4 Localization Data 

Suppose the group G= (S^)'^'^^ or G= (C*)'*+^ acts in a natural way on the projective space P". 
In particular, the fixed locus consists of n+1 points, which we denote by po, . . . ,pn, and the only 
curves preserved by G are the lines passing through pairs of fixed points. The G-action on P" 
lifts to an action on 9Jli^fc(P"', d) and on 971^ a;(^"' '^)- fixed loci of these two actions that are 
contained in Tll\{W\d) and their normal bundles are the same and are described in [MirSym, 
Sects. 27.3 and 27.4]. We note that the four-term exact sequence [MirSym, (27.6)] applies to such 
loci. 

In this subsection, we describe the fixed loci of the G-action on DJlJ fe(lP") d) tli^t are contained in 

dTll , d) and their normal bundles. To simplify the discussion, we ignore all automorphism 
groups until the very end of this subsection. 

The boundary fixed loci will be indexed by refined decorated rooted trees T. Figure 5 shows such 
a tree T and the corresponding decorated graph r = 7r(r). In [MirSym, Section 27.3] the fixed loci 
Zr of the G-action on 9Jlg,fe(P", d) are indexed by decorated graphs F. If F is a decorated graph 
such that Zr is a G-fixed locus contained in 59Jti^fe(P"', d), we will have 

ZrnWl?,fe(P-,d) = 7r( □ ^f), 

^(f)=r 

where F denotes a refined decorated rooted tree. 

We now formally describe what we mean by a refined decorated rooted tree and its corresponding 
decorated graph. A graph consists of a set Ver of vertices and a collection Edg of edges, i.e. of 
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two-element subsets of Ver. In Figure 5, the vertices are represented by dots, while each edge 
{vi,V2} is shown as the line segment between vi and V2- A graph is a tree if it contains no loops, 
i.e. the set Edg contains no subset of the form 

{{vi,V2},{v2,V3},...,{vN,vi}}, , . . . , uat G Ver, N>1. 

A tree is rooted if Ver contains a distinguished element vq. It is represented by the large dot in 
the first diagram of Figure 5. A rooted tree is refined if Ver — {t)o} contains two, possibly empty, 
distinguished subsets Ver+ and Vero such that 

Ver_|_nVero = and {vo,v}GEdg Vu€ Ver _|_U Vero- 

We put 

Edg+ = {{fo,!;}: f GVer+} and Edgo = {{-uo, ^'l : € Vero}. 

The elements of Edg_|_ and Edgg are shown in the first diagram of Figure 5 as the thick solid lines 
and the thin dashed lines, respectively. Finally, a refined decorated rooted tree is a tuple 

f = (Ver, Edg; vo; Ver+, Vero; /x, t), r?) , (1.8) 

where (Ver, Edg; vq; Ver+, Vero) is refined rooted tree and 

/x:Ver-Vero — >{0,...,n}, t):Edg-Edgo — Z+, and r]: {I, . . . , k} — !■ Ver 

are maps such that 

(i) ii{vi)=ii{v2) and f ({vq, fi}) = t)({vo, ^2}) for all , G Ver_,_ ; 

(ii) if ?;iGVer+, G Ver— Vero— Ver +, and {vq, ^2} GEdg, then 

l^{vi) I1{V2) or '<i{{vQ,Vl})^'0{{vQ,V2})\ 

(iii) if {i;i,V2}£Edg and t'2 ^VeroU{t'o}, then 

/x(w2)7^/x(fi) if vi^Vero and /x(w2)7^/x(fo) if fiGVero; 

(iv) if vi GVero, then {?;i,f2}GEdg for some i;2€Ver — {fo} and 

val(i;i) = |{i;2eVer: {vi, i;2} GEdg}| + \{le[k]: r]{l) = vi\ > 3; 

(v) EeeEdg+f (e) > 2. 

In Figure 5, the value of the map fi on each vertex, not in Vero, is indicated by the number next to 
the vertex. Similarly, the value of the map d on each edge, not in Edgg, is indicated by the number 
next to the edge. The elements of the set [k] = [3] are shown in bold face. Each of them is linked 
by a line segment to its image under rj. The first condition above implies that all of the thick edges 
have the same labels, and so do their vertices, other than the root vq. By the second condition, the 
set of thick edges is a maximal set of edges leaving vq which satisfies the first condition. By the 
third condition, no two consecutive vertex labels are the same. By the fourth condition, there are at 
least two solid lines, at least one of which is an edge, leaving from every vertex which is connected 
to the root by a dashed line. The final condition implies that either the set Edg^ contains at least 
two elements or its only element is marked by at least 2. 
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A decorated graph is a tuple 

r= (Ver,Edg;5,Ai,9,r/), 

where (Ver, Edg) is a graph and 

giVer — > Z+ , fiiYei — y{0,...,n}, d:Edg — ^ Z+, and rj: {1, . . . ,k} — > Ver 
are maps such that 

H{vi) ^ fi{v2) if {fi,f2}GEdg. 

The domain [k] of the map rj can be replaced by any finite set. A decorated graph can be represented 
graphically as in the second diagram of Figure 5. In this case, every vertex v should be labeled 
by the pair {g{v), iJ,{v)). However, we drop the first entry if it is zero. If F is a refined decorated 
rooted tree as in (1.8), the corresponding decorated graph F is obtained by identifying all elements 
of Vero with vq, dropping Edgg from Edg, and setting 



9iv) 



1, iiv = vo; 
0, otherwise. 



In terms of the first diagram in Figure 5, this procedure corresponds to contracting the dashed 
edges and adding 1 to the label for vq. 

The fixed locus Zy of 9Jti,fc(P'*, d) consists of the stable maps u from a genus-one nodal curve 
with k marked points into P" that satisfy the following conditions. The components of S„ on which 

the map u is not constant are rational and correspond to the edges of F. Furthermore, if e = {vi,V2} 
is an edge, the restriction of u to the component S„^e corresponding to e is a degree-t)(e) cover of 
the line 

pi pn 

passing through the fixed points p^[vi) and P^[v2)- The map mIe^.s is ramified only over p^[v^) 
and Pn(v2)- In particular, M|s„,e unique up to isomorphism. The remaining, contracted, compo- 
nents of Su correspond to the vertices v G Ver such that 

val{v) + g{v) > 3. 

For such a vertex v, g{v) specifies the genus of the component corresponding to v. The map u 
takes this component to the fixed point n{v). Thus, 

Zr « Mr= JJ -^g(v),val(i;); 

see [MirSym, Section 27.3]. For the purposes of this definition, Mo,i and M.0,2 denote one-point 
spaces. For example, in the case of the second diagram in Figure 5, 

2 g 

Zr w Mr = A^i,io x 7Wo,3 x A^o,2 x A^o,i ~ -^1,10- 
In this case, Zr is a locus in 9Jti,3(P", 22), with n>3. 

If F is a refined decorated rooted tree as in (1.8), we put 

Edg(i;o) = {{i;o,wi}GEdg: uiGVer} and J^^ = {le[k]: n{l) = vo}. 
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Figure 6: A Refined Decorated Rooted Tree and Some of its Components Graphs 

Similarly, for each uGVero, we set 

Edg(i;) = {{?;,i;i}GEdg: fiGVer-{i;o}} and Jy = [le[k]: iJ,{l) = v}. 

If e = {v,vi} is an clement of Edg(t;) for some v G Vcro or of Edg(fo) — EdgQ with v = vq, let 
(Vere,Edge) be the branch of the tree (Ver,Edg) beginning at v with the edge e. We put 

Je = {le[k]: tJ,{l)eYere-{v}} and de = ^ O(e'). 

e'eEdg^ 

Let Fe be the decorated graph defined by 

fe = (Vcre,Edgg;5e = 0,//e,fe=f |Edg^,%), where 
fn{v'), [fv'^v; fr]{l), ifleJe] 

[//(■uo), 11 V =v; [f, if / = 0; 

see Figure 6 for two examples. 

If e is an element of Edg(uo) — Edgg or of Edg(f) for some vGVero, let 

be the fixed locus corresponding to the decorated graph Fg- We put 

cT(f) = {\Edg{vo)\;J^„[k]-Jy^) G Ai{d,k), Mf,p = M^(^^yp; 

n (^o,{o}uEdg(.)uj. X n^f.) cM^(f);B(F",d); 

eGEdg(-!;o)-EdgQ uGVcro eeEdg(D) 
eGEdg+ 

where L^-q — > Zf, is the tangent line bundle for the marked point 0. If e = {vq,vi} is an element 
of Edg+, let 



fi+{t) = ^^{vl), ?)+(f)=f(e), and dim+(f) = 
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flEdg+1-2, ifc)+(f) = l; 
\|Edg+|-l, ift)+(f)>2. 



By the assumption (i) above, the numbers //+(r) and t)+(r) arc mdcpcndent of the choice of 
e G Edg^. Furthermore, if e, e' G Edg_,_, then the hne bundles L^-o and Lg/.Q are G-equivariantly 
isomorphic. Thus, 

Ff.^«Cl'^'ie+l®Le;o if eGEdg+. 
The group G acts trivially on Cl^^^+I. Let 



T-B 



f{K)eeEdg+eCE^^+ :EeeEdg+«^e = 0}, if^«+(f) = l; 
\c^'^s+, ift)+(f)>2; 

While the moduli space 9Jt^^p^.^(P", d) is a blowup of FF^^f,y^, none of the blowup loci inter- 
sects Thus, 

In fact, 

^f;B ^ -^CT(f);B(^"''^)- 

We put _ _ _ 

By the above, Zp is a fixed point locus in UJl^ f,(P"', d). For example, in the case of the first diagram 
in Figure 6, 

a(f) = (7; {2}, {1, 3}) , M^.p = M,,(^[r],{2}), 

^r;B = (^,2X^^0,1X^0,3) X (a7o,3XA^,2XA^o,i) « {pt}] 

rkFf.^ = rkFf.^ = 3, Z^.^ ^ « >ti,([7],{2}) xP^. 

The weight of the G-action on the line L^.q is 1/2 of the weight of the G-action on Tp^Fp^ p^; see 
[MirSym, Sects 27.1 and 27.2]. 

We next describe the equivariant normal bundle J\fZf. of Zf, in ^(P", d). Let 

be the normal bundle of Zf.^ in '^„i^fyB^^\ d). This normal bundle can easily be described using 
[MirSym, Section 27.4]. Let 

r;s <x(i);B/v r;S^ ^-"^ ^ ^ .0 | {0}, ift)+(r)>2, 

e'6Edg(j;o)-Edg+ I. -" +\ I - ^ 

where e is an element of Edg_|_. The normal bundle of Zf in ^Jt^^^f ^.^(P", d) is given by 

•^^a(f);B{^".<i)'^f;B =-^M^(f,.g(P",ci)^f;B ®7dim+f®^e;0'^^^^^ 
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where 7^;^^ p — > pdim+ r jg ^j^g tautological line bundle. Since none of the exceptional divisors 



intersects -Zp.^, 

=7dim+f®^e;0. (1-9) 

Since the section T>a;B is transverse to the zero set, the normal bundle of Z^.^ in -2^(f)-B(]P'") d) is 

■^Z^^pyg{¥",d)^r;B = •^Sat^(f);s(P",d)^f;i3/ (Tdim+ f '^-^e;0 ^^^/^K)^") 

by (1.6) and (1.7). Finally, 

since the normal bundle of Z^^p^(P",(i) in 371° j.(P", c/) is I-'o.(f)-p®')'(T(f)-B- 

In order to compute the last number in (1.4), we also need to determine the restriction of the vector 
bundle Vfj^ to Z^. By Theorem 1.2 and (1.9), there is a short exact sequence of vector bundles: 

over Zp. This exact sequence describes the euler class of the restriction of V^^ to Z^. 
If a = {m;Jp,JB)&Ai{d, k), 

/ H+|JpL * . \ _ ^^^"^ ■ {m-iy. 

\Ci [\L^.p),Ma;P) - ^ , 

by [Z7]. This is the only intersection number on A4a-p needed for computing the last number 

in (1.4) and the integrals of the cohomology classes on ^(P", d) that count elliptic curves in P" 
passing through specified constraints. For more general enumerative problems, such as counting 
curves with tangency conditions, as in [VI], and with singularities, as in [Z3], one would need to 
compute the intersection numbers of the form 

f°iK;p) ■ n V'fS A^a;p), where /3o + J] A = H + \Jp\. 
leJp leJp 

The argument in [Z7] gives a recursive formula for a generalization of such numbers. The recursion 
is on |m| + 1 Jp I, i.e. the total number of marked points. The starting data for the recursion are the 
numbers 

l=k l=k 

(n^f',:Mi,fe), where 5^A = /c, 

1=1 1=1 

which in turn are computable from the genus-one string and dilaton equations; see [MirSym, Sec- 
tion 25.2]. 

In the above discussion we ignored all automorphism groups. As in [MirSym, Chapter 27], the 
rational function for each refined decorated rooted tree T obtained following the above algorithm 
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and applying the localization theorem of [ABo] should be divided by the order of the appropriate 
automorphism group Ap : 

|Ap| = |Aut(f)| • Yl ^(e)- 

eSEdg-Edgo 

For example, in the case of the first diagram in Figure 6, 

|Ap| = 1 • (1^ -2^ -3^) = 864. 



2 Blowups of Moduli Spaces of Curves 

2.1 Blowups and Subvarieties 

In this section we construct blowups of certain moduli spaces of genus-one and genus-zero curves; 
see Subsections 2.3 and 2.4. The former appear in Subsection 4.3 as the first factor in the domain 
of the proper transforms of the immersion of Subsection 1.2. The latter play the analogous role 
in Subsection 3.4, where we blow up certain moduli spaces of genus-zero maps. In turn, these last 
blowups describe the second factor of the domain of maps induced by in Subsection 4.3; see 
Subsection 1.3 for more details. 



We begin by introducing convenient terminology and reviewing standard facts from algebraic ge- 
ometry. If 7V4 is a smooth variety and Z is a smooth subvariety of M , let 

U-j^Z = TM\z/TZ 

be the normal bundle oi Z in M.. We denote by 

7r^:TM\z ^J^mZ 

the quotient projection map. 

Definition 2.1 Let M. he a smooth variety. 

(1) Smooth subvarieties X and Y of M intersect properly if Xr\Y is a smooth subvariety of 
M. and 

T{XnY) = TX\xnY n TY\xnY.^ 

(2) If Z is a smooth subvariety of M, properly intersecting subvarieties X and Y of Ai intersect 
properly relative to Z if 

'K^{T{Xr\Y)\xnYnz)=T^z{TX\xnYnz)^Trz{TY\xnYnz) C A(^Z. 



*In other words, the scheme-theoretic intersection of X and Y is smooth. If the set-theoretic intersection Xr\Y 
is smooth, the second part of this condition is also equivalent to the injectivity of the natural homomorphism 

TX\xf,Y/T{Xr\Y) TM/TY. 
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For example, if X and Y are two smooth curves in a projective space that intersect without being 
tangent to each other, then X and Y intersect properly (but not transversally, unless the dimension 
of the projective space is 2). If X, Y, and Z arc three distinct lines that lie a plane, then they 
intersect properly pairwise, but X and Y do not intersect properly relative to Z. 

Definition 2.2 If M. is a smooth variety, a collection {Mp}p^A of smooth subvarieties «s properly 
intersecting if Mp^ and intersect properly relative to Mp^ for all pi, P2, Ps&A. 

If Z is a smooth subvariety of M., let 

vr: BlzM — >M 

be the blowup of Ai along Z. If X is a subvariety of A4, we denote by PrzX the proper transform 
of X in BlzM, i.e. the closure of ir'^iX-Z) in BlzM. 

Lemma 2.3 Let M be a smooth variety. 

(1) If X and Z are properly intersecting subvarieties of M, then PizX is a smooth subvariety of 
BlzM and 

PvzX = BlxnzX. 

(2) If X, Y, and Z are pairwise properly intersecting subvarieties of M and X and Y intersect 
properly relative to Z, then PtzX and PvzY are properly intersecting subvarieties of PizM and 

PrzX n PtzY = Prz{XnY). 

(3) If X, Y , Z , and Z' are pairwise properly intersecting subvarieties of M and X and Y intersect 
properly relative to Z and Z' , then PtzX and PtzY intersect properly relative to PvzZ' . 

Corollary 2.4 If M is a smooth variety, {Mp}p<^_A i^ a properly intersecting collection of subvari- 
eties of M, and p&A, then {Pr;^ ■^p'}p'G.A-{p} a properly intersecting collection of subvarieties 
ofBl^M. 

2.2 Moduli Spaces of Genus-One and Zero Curves 

In this subsection, we describe natural subvarieties of moduli spaces of genus-one and -zero curves 
and natural bundle sections over these moduli spaces. These bundle sections and their twisted 
versions introduced in the next two subsections are used in Subsections 3.4 and 4.3 to describe 
the structure of the proper transforms of OH^ ^.(P", d). Below we also state the now-standard facts 
about these objects that are used in the next two subsections. 



If I is a finite set, let 

Ai{I) = {{Ip,{lk: keK}) : Kj^^; 1= [_\ h; |7fe| >2 VfceK}; 

..{P}UK (2.1) 
Ao{I) = {{lp,{Ik-keK}):K^^; 1= \_\ h; |4|>2V/cGK; |iC| + |/p| >2}. 

k€{P}UK 

If p = (/p, {Ik : k G K}) is an element of {{I ,$)}uA\{I), we denote by M\,p the subset of M\j 
consisting of the stable curves C such that 
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Ip = {ii,i2} 
^ = {1,2,3} 
Ii= {13,14} 

I2 = {i5,i6} 

h = {i7,i8,i9} 



(i) C is a union of a smooth torus and \K\ projective lines, indexed by K; 

(ii) each hne is attached directly to the torus; 

(iii) for each kEK, the marked points on the line corresponding to k are indexed by Ik- 
Let Mi^p be the closure of Mi^p in Mij. Figure 7 illustrates this definition, from the points of 

view of symplectic topology and of algebraic geometry. In the first diagram, each circle represents 
a sphere, or P^. In the second diagram, the irreducible components of C are represented by curves, 
and the integer next to each component shows its genus. Similarly, if 

p=ilp,{lk:keK}) e {(/,0)}uA(/), 

let M.o,p be the subset of A^o,{o}u7 consisting of the stable curves C such that 

(i) the components of C are indexed by the set {P}UK; 

(ii) for each kGK, the component of C is attached directly to Cp; 

(iii) for each kEK, the marked points on Ck are indexed by Ik. 

We denote by Mo^p the closure of M.o,p in A1o,{o}u7- This definition is illustrated in Figure 8. In 
this case, we do not indicate the genus of the irreducible components in the second diagram, as all 
of the curves are rational. 

Lemma 2.5 If g = 0, 1 and I is a finite set, the collection {•M.g,p}peAg{i) *^ properly intersecting. 

We define a partial ordering on the sets Ag{I) for g = 0,l by setting 

p'={l'p,{li:keK'}) ^p={lp,{Ik:keK}) (2.2) 

if p' ^ p and there exists a map (p : K — ^ K' such that Ik C I'^pi^k) ^'^^ k E K. This condition 
means that the elements of Aip' can be obtained from the elements of Aip by moving more points 
onto the bubble components or combining the bubble components; see Figure 9. In the g = case. 



Ip = {ii} 
^ = {1,2,3} 

h = {i2,i3} 
l2 = {14,15} 
h = {i6,i7,is} 

Figure 8: A Typical Element of A^o,p 
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Figure 9: Examples of Partial Ordering (2.2) 



we define the bubble components to be the components not containing the marked point 0. 

In the blowup constructions of the next two subsections we will twist certain line bundles over 
moduli spaces of curves and homomorphisms between them. In the rest of this subsection we 
describe the relevant starting data. 

For each zGi, let Lj — ^Mij be the universal tangent line bundle at the marked point labeled i. 
Let E — > Mi,i be the Hodge line bundle of holomorphic differentials. The natural pairing of 
tangent vectors with cotangent vectors induces a section 



SieT{Mi,i;UomiLi,E*)). 



Explicitly, 



[C]eMi,i, [C,w]eLi\c = T^,^c)C, [C,i;]eE\c = H\C;T*C), 
and Xi{C)EC is the marked point on C labeled by i. 

In the gemis-zcro case, the line bundle Lq — > Mo,{o}ul will be one of the substitutes for E. We 
note that for every pGP^, there is a natural isomorphism between the tangent space TpP^ of at 
p and the space of holomorphic differentials H^{¥^;T*F^(SiO{2p)) on P^ that have a pole of order 
two at p. More precisely, let w he a meromorphic function on P^ such that p is the only zero of w 
and this zero is a simple one. We can then view w as a coordinate around p in P^. Every tangent 
vector V € TpP^ can be written as 

d 

v = Cu,{v) — , Cu,{v)eC. 

We define the isomorphism 

Cyj (v) dw 



tP: TpF^ — ^ H^{F^;T*F'^(E)0{2p)) by v — ^ Jpy 



w 



2 



If w' is another meromorphic function on P^ such that p is the only zero of w' and this zero is a 
simple one, then 

, w , I P dw , , Cw (v) Cyji iv) dw' Cyj (v) dw 

w = — =^ dw = Cyj'{v) = —— =^ ^2 = 2 • 

aw+p [aw+py p w' 



25 



Thus, the isomorphism ip is wcU-dcfincd. If iEl, wc define the section 

Si G r(ATo,{o}u/;Hom(Lj,L^)) by {si{[C;w])}{[C,v]) = ipy\^,^^^w 
if [C]eMo,{o}ui, [C,w]eLi\c = T^,^c)C, [C,v]eLo\c=T^o{c)C. 

Wc note that in both cases the section Sj vanishes precisely on the curves for which the point i lies 
on a bubble component. In fact, 

^^~'(0)= IZ^V. where Bg{I;i) = {{Ip,{Ib}) eAg{I): ielB}. (2.3) 

P&Bg{I;i) 

2.3 A Blowup of a Moduli Space of Genus-One Curves 

Let / and J be finite sets such that / is nonempty. In this subsection, we construct a blowup 

7!"1,(7,J) : ■A^i,(/,j) — >■ Mljuj 
of the moduli space Mi^iuj, 1-^1 + 1 line bundles 

E,Li — ^A4i,(7,j), iel, 

and |/| nowhere vanishing sections 

Si G r(>li,(j,j);Hom(L„E*)), iG/. 

Since the sections Sj do not vanish, all |/| + 1 bundles Lj and E* are explicitly isomorphic. They 
will be denoted by L and called the universal tangent line bundle. 

The smooth variety A^i,(7,j) is obtained by blowing up some of the subvarieties Mi^p, defined 
in the previous subsection, and their proper transforms in an order consistent with the partial 
ordering -<. The line bundle E is the sum of the Hodge line bundle E and all exceptional divisors. 
For each given z G /, Li is the tangent line bundle Lj for the marked point i minus some of these 
divisors. The section Sj is induced from the pairing Sj of the previous subsection. 

With I and J as above and Ag{lLiJ) as in (2.1), let 

Ag{I,J) = {{{IpUJp),{IkUJk: keK})eAg{lUJ): h^^ykeK]. (2.4) 

We note that if p G .4^ (lU J) , then peAg{I, J) if and only if every bubble component of an element 
of Mp carries at least one element of /. Furthermore, 

Bg{IUJ;i) C Ag{I,J) yiel. (2.5) 

If |/|+| J| > 2, with respect to the partial ordering -< the set Ai{I, J) has a unique minimal element: 

Pmin = (0,{/Uj}). 
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Let < be an ordering on Ai{I, J) extending the partial ordering -<. We denote the corresponding 
maximal element by pmax- If p&Ai{I, J), we put 

^ iraax{p' €Ai{I,J): p' <p}, ifp/pmin; ^25) 
where the maximum is taken with respect to the ordering <. 

We nowjiescribe the starting data for the inductive blowup procedure involved in constructing the 
space A^i,(7,j) and the line bundle L over A^i,(7,j). Let 

= Eo = E — and = ATi,p ypeAi{I,J). 
For each iGl, let 

Lo,i = Li — y A^i,(7,j) and so,i = Si G r(>t° (7^j);Hom(Lo,i,Eo)). 

By (2.3), _ 



Suppose pG^i(/, J) and we have constructed 

(II) a blowup TTp-i : A^i^(/^j) — of such that vr^-i is an isomorphism outside 

of the preimages of the spaces A^i.p' with p' <p—l; 

{12) line bundles -Zjp-i,i — for i^I and ]Ep_i — ^Mi (J jy, 

(13) sections Sp_i,iGr(ATi^^ j);Hom(Lp_i,j,E*_i)) for iel. 

For each p*>p—l, let Mi p* be the proper transform of A^ p* in Al^/^j). We assume that 

(14) the collection {A^i,pi}p*g^i(7,j),p*>p-i is properly intersecting; 
(75) for alHG/, 

p*gBl(/Uj;j),p*>p-l 

The assumption (15) means that we will gradually be killing the zero locus of the section Sj. We 
note that all five assumptions are satisfied if p—1 is replaced by 0. 

If p is as above, let 

be the blowup of M'Ij^j j^ along M-i p. We denote by A^i p the corresponding exceptional divisor. 
If p*> Pi let M-i^p* C A^i (7 J) be the proper transform of M.i^p*- If 

p={lpUJp,{IkUJk: keK}) (2.7) 

and i€l, we put 

[7r*Lp_i,j ©(-Mi^^), ifzG/p; 
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The section n*Sp-i^i induces a section 

~s,,i e r(74^,(,,^);Hom(L,,,,7f;E;_i)). 

This section vanishes along -Mi^p, by the inductive assumption (75) iii^Ip. Thus, Sp^i induces a 
section 

Gr(A??,(,,j);Hom(L^,,,E;)). 

Wc have now described the inductive step of the procedure. It is immediate that the requirements 
(/l)-(/3) and (75) are satisfied, with p — 1 replaced by are satisfied. Corollary 2.4 and the as- 
sumption (74) imply that the assumption (74) with p—1 replaced by p is also satisfied. 

We conclude the blowup construction after the /Smax step. Let 

Mi^{i,J)= MiJTjy E = Ep„^^^; Li = Lp^^^^i, Si = Sp^^^^i ^iel. 

By (75), with p—1 replaced by Pmax, and (2.5), the section Sj does not vanish. We note that by (71), 
the stratum 

consisting of the smooth curves is a Zariski open subset of A^i^(7^j) for all p&{0}uAi{I , J). 

By the next lemma, different extensions of the partial order -< to an order < on Ai (7, J) correspond 
to blowing up along disjoint subvarieties in different orders. Thus, the end result of the above 
blowup construction is well-defined, i.e. independent of the choice of the ordering < extending the 
partial ordering -<. 

Lemma 2.6 Suppose p, p' £Ai{I, J) are such that p-^p' and p' y^p- If pj^p', then the spaces Mi^p 
and M.\^pi are disjoint for some p-<p,p' . 

Proof: (1) Suppose 

p={lplAjp,{hUJk:keK}) and p' = {I'pUj'p.il'j^Uj'^: k^K'}) . 

For each keK and k'eK', let 

Pfe=((7-7fe)U(J-Jfe),{7fcUJfe}) G^i(7,J) and 
Pfc' = (U-4')U(J-40,{4'U4J) G^i(/,J). 

By definition, M-i^p^ and -^1,^'^, are divisors in A^^(/_j) = Ali,/uj, 

^,P= n^L' and J^,^p,= fl Mlp,^^. 
keK k'eK' 

Furthermore, if „, nA^? „/ 7^0, then either 

7feUjfe C7^,U4,, or IkUJkD I'k,u4,, or (7fcU J^) n (7j^,u4,) = 0- 
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(2) Suppose A^i^pHAl^^p/ 7^0. By the above, there exist decompositions 

K = K+UKqIA \_\Ki> and K' = K'^^U K'qVA [_\k'i 
i'eK'_^ ieK+ 

and a bijection (p: Kq — ^K^ such that 

Ik\-iJk^l'l'UJ'l' ^IkeKvJ'eK'^, IiUJiD I'^,u4, \/k'(EK'i,leK+, 
and /fcUJfc = Uj;(;-) ykeKo. 

We note that the subsets and K'_^ of K and K' are nonempty. For example, if were empty, 
then we would have p' -< p, contrary to our assumptions. Let 

p= {ipUjp,{ikUJk: keKoUK+UK'^}) eAiiI,J) 

be given by 



ipujp = (ipni'p) u (JpnJ'p), ikUJk 



IkUJk, iikeKoUK+; 
RU4, iikEK'^. 



For example, if p corresponds to the second diagram on the right side of Figure 9 and p' corresponds 
to either the first or the third diagram on the right side, then p corresponds to the diagram on the 
left side of Figure 9. By definition, p^p,p'. Furthermore, 

Thus, by Lemma 2.5, Corollary 2.4, and (2) of Lemma 2.3, 

is the closure of the empty set. 

2.4 A Blowup of a Moduli Space of Genus-Zero Curves 

Suppose is a nonempty finite set and g = {Ii, Jj);^^ is a tuple of finite sets such that 7^ and 
\Il\ + \Jl\>2 for all ZgK. Let 

■^0,0 = n-^o,{o}u7,uj( and -^e = — ' Mo,e, 
lea /eK 

where Lq — ^ A^o,{o}u7(Uj( is the universal tangent line bundle for the marked point and 

TT/ : Mo^e — > -^o,{o}u/,uJi 
is the projection map. In this subsection, we construct a blowup 

of the projective bundle ¥Fg over A^o,^- We also construct line bundles 
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and nowhere vanishing sections 

G r(A^o,e;Hom(L(i,i),E*)), ieiiJe'R. 

In particular, all line bundles j) and E* are explicitly isomorphic. They will be denoted by L 
and called the universal tangent line bundle. 

Similarly to the previous subsection, the smooth variety A^o,e is obtained by blowing up the 
subvarieties M.o,p defined below and their proper transforms in an order consistent with a natural 
partial ordering -<. The line bundle E is the sum of the tautological line bundle 

and all exceptional divisors. For every / G H and i G Ii, L^i ^^ is 7r;*Lj minus some of these divisors. 
The section j) is induced from the pairings Si of Subsection 2.2. 

With Q as above and Aq{Ii, J;) as in (2.4), let 

AQ{Q) = {{^^,{pi)le^): b^+CK, piG{(/,UJi,0)}U^o(/^JO V/gK; 

We define a partial ordering on Aq^q) by setting 

p' ^ (^V, {p'i)i^^) <p= (pO^gh) (2.10) 

if p'^p, ^^+CK+, and for every / gK cither p\ = pi^ p[^pi, or pj = (J^U J;, 0). Let < be an ordering 
on .4o(^) extending the partial ordering -<. We denote the corresponding minimal and maximal 
elements of .Ao(^) by pmin and pmaxj respectively. If pgAq{q), we define 

p-1 G {0}U^o(^) 

as in (2.6). 

If pGAo{q) is as in (2.10), let 

Mo,p = n ^o,« , = ^r^o 1^^^ C F,, 

and Ml^ = FFpClMl^^FF,. 

The spaces A4q ^ and A^q ^ can be represented by diagrams as in Figure 10. The trees of circles 
attached to the vertical lines correspond to the tuples pi, with conventions as in the first, symplectic- 
topology, diagram in Figure 8. For each such tree, the marked point is the point on the line. We 
indicate the elements of CK with plus signs next to these points. Note that by (2.9), every dot 
on a vertical line for which the corresponding tree of circles contains more than one circle must be 
labeled with a plus sign. From Lemma 2.5, we immediately obtain 

Lemma 2.7 Suppose is a nonempty finite set and g={Ii, Ji)i£ii is a tuple of finite sets such that 
and \Ii\ + \Ji\ >2 for all ZgK. If Ao{q) is as above, the collection {■Mo,p}peAo{e) properly 
intersecting. 
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+ 



p 

o 

D 



H = {1,2,3} 
|/iUJiH2 

|/2UJ2| = |/3UJ3| = 3 

^+ = {1,2,3} 
pi = (/iUJi,0) 

P2 = (/2UJ2,0) 
P3 = (-f3UJ3,0) 



D 




K = {1,2,3} 
|/iUJi| = 2 

|/2UJ2| = |/3UJ3|=3 

H+ = {2,3} 

/9l = (/lUJi,0) 
P2 7^(/2UJ2,0) 
P3 = (-f3UJ3,0) 



Figure 10: Typical Elements of Mq „ and Mo,p 



We now describe the starting data for the sequential blowup construction of this subsection. Let 

Eo = Js ^ Ml^ = FF, and Lo,(;,i) =7ro>rLi ^ Af" ^ V^GJ^ ZgK. 

We take ^ 

So,m) e r(>[0^;Hom(Lo,(/,,),E*)) 

to be the section induced by 7ro*^7r;*Si, where Sj is the natural homomorphism described in Subsec- 
tion 2.2. It follows immediately from (2.3) that 



^o,i)W= E -^o,p*> where 



Bo{Q;l,i) = [{\i+,{pv)veH)eMQ)-'^+ = '^-{l} and pv = {IvUJi,,ID) VZ'gK, or 

K+ = ^^, piGBo{IlUJr,i), p;, = (/;,Uj;,,0) VZ'gK-{Z}}. 



The rest of the construction proceeds as in Subsection 2.3. The analogue of (2.8) now is 



As before, we take 



T^*pLp-i,{i,i) ^ 0{-M^J, otherwise; 

E, = 7f;E,_i®0(A^g^^). 



Mo,s = M'or-; E = E, 



Pmax ' 



and s 



(2.11) 
(2.12) 



The analogue of the inductive assumption (75) insures that each section S(/ j) does not vanish. The 

statement and the proof of Lemma 2.6 remain valid in the present setting, with only minor changes. 
Thus, the end result of the above blowup construction is again well-defined, i.e. independent of the 
choice of the ordering < extending the partial ordering -<. 
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3 A Blowup of a Moduli Space of Genus- Zero Maps 



3.1 Blowups and Immersions 

In this section we construct blowups of certain moduli spaces of genus-zero maps; see Subsec- 
tions 3.3 and 3.4. As outlined in Subsection 1.3, these blowups appear in Subsection 4.3 as the 
second factor in the domain of the immersions induced by the immersions of Subsection 1.2. 

As in Section 2, we begin by introducing convenient terminology and reviewing standard facts from 
algebraic geometry. If 9Jt is a variety, we denote its Zariski tangent space and its tangent cone by 
rSUt and TCQJl, respectively. If X is a smooth variety (but not necessarily equidimensional) , we 
recall that a morphism lx '■ X — ^SDt is an immersion if the differential of lx, 

dix ■■ TX — > L*xTCm, 

is injective at every point of X. Let 

Im' LX = {peM: \lxHp)\>^} and A/",^ = i^TCm/lmdix 
be the singular locus of ix and the normal cone of ix in SPt, respectively. We denote by 

the projection map. If Z is a subvariety of 9Jt, let 

iz:Z — >m 

the inclusion map. 

Definition 3.1 Let ^ he a variety. 

(1) An immersion ix '■ X — > 97t is properly self -intersecting if for all xi,X2^X such that 
i'x{xi) = ix{x2) o-nd sufficiently small neighborhoods Ui of xi and U2 of X2 in X 

TC,^^^^){ix{Ui)nLx{U2)) = lmdixU^nlmdtx\x2 c rc,^(^,)M. 6 

(2) If ix - X — >Tl and iy- Y — >9Jt are immersions such that ix is properly self-intersecting, ix 
«s properly self-intersecting relative to iy if for all xi,X2&X andyEY such that 

i-xixi) = ix{x2) = I'viy) 

and for all sufficiently small neighborhoods Ui of xi and U2 of X2 in X, 

'^tY\y{^C^Y{y)i^'x{Ui)^ix{U2))) =7r,-^|^ImdtxUi nTT^-^I^ImdixUa C A/;^!^. 

This definition generalizes Definition 2.1; see the paragraph following the latter for some examples. 

Definition 3.2 If Tl is a variety, a collection {ig : Xg — ^ 9K}gg_4 of immersions is properly 
self -intersecting if for all pi,p2,P3 € A the immersion ip^^Uip^ is properly self-intersecting 
relative to ip^. 

®We emphasize that intersections are taken to be set-theoretic intersections unless otherwise noted. 
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Lemma 3.3 Suppose is a variety and Z is a smooth subvariety of Tl. 

(1) If tx '■ X — ^ 9Jt is an immersion such that the immersion Lx^tz '■ XLiZ — ^ SPt is properly 
self-intersecting, then lx lifts to an immersion 

Pr^tx: BKi^^^X — >M s.t. ImPrzix = Prz Imix- 

(2) If in addition lx is properly self-intersecting relative to tz, then Ptzi-x is properly self- 
intersecting and 

Im* Ptzlx = Prz Im'' lx- 

(3) If in addition by '■ Y — >Tl is an immersion such that iy U/,^ is properly self-intersecting 
and tx is properly self-intersecting relative to by , then Pr^ix is properly self-intersecting relative 
to Pi zi-Y- Furthermore, 

{Ptzlx} ^Pr^Imty) = Pr^-i^^^i^^(ImiY). 



Remark: Since we always require that the blowup locus be smooth, an implicit conclusion of (1) of 
Lemma 3.3 is that l^^{Z) is a smooth subvariety of X; this is immediate from the local situation. 
Note that X itself is smooth, as it is the domain of the immersion lx- 

Corollary 3.4 If is a variety, {lq : Xg — > 971} is a properly self-intersecting collection of 

immersions, and g A is such that Lg is an embedding, then {Pj^imigi^g'} Q'eA-{e} ^ properly 
self-intersecting collection of immersions into Blj^^^dJl. 

Lemma 3.5 Suppose 971 is a smooth variety, Z is a smooth subvariety o/97t, lx '■ X — >-9Jl is an 
immersion such that the immersion lxUlz is properly self-intersecting. Let 

L-^\Z) =[_\Zg 

be the decomposition of l^^{Z) into path components. If there exist a splitting 

Kx = ^Li-^X 

iei 

and a subset Ig of I for each qeA such that 

Lx\*zTZ/TZg= 0L,|z, ygeA, (3.1) 

then 

i€l ielg 

where Eg is the component of the exceptional divisor for the blowup tt: Bl^-i^^-^X — ^X that projects 
onto Zg. 

We note that by (1) of Definition 3.1, the homomorphism 

Lx\zTZ/TZg = L*xTm/lm dLx 

induced by the inclusions is injective. Thus, we can identify lxIz^TZ fTZg with a subbundle 
of J^ix, as we have done in Lemma 3.5. 
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m = 3, Jp = {ji} 

di,d2, >0 
di + d2+d3 = d 



Figure 11: A Typical Element of 93lo,a(IP", 
3.2 Moduli Spaces of Genus-Zero Maps 

In this subsection, we describe natural subvaricties of the moduli space of genus-zero maps and a 
natural bundle section over them. This bundle section induces other bundle sections, introduced 
in the next two subsections, that are used in the blowup construction of Subsection 4.3 to describe 
the structure of the proper transforms of OH^ ^.(P", d); see Subsection 1.3 for more details. Below 
we also state two well-known facts in the Gromov-Witten theory, Lemmas 3.6 and 3.7, and a more 
recent result, Lemma 3.8. 

If dGZ"*" and J is a finite set, let 

Ao{d,J) = {{m;Jp,JB):meZ+, m<d; JpCJ;m+\Jp\>2}; (3.2) 

Mo,(o,J)(P",ci)=Mo,{o}Uj(P",d)- 

If (7 = (m; Jp, Jb) is an element of Ao{d, J), let ^JJto^ai^"', d) be the subset of 93to,{o}uj(P") d) con- 
sisting of the stable maps such that 

(i) the components of S are Sj = P^ with iG{P}U[fe]; 

(ii) u|sp is constant and the marked points on Sp are indexed by the set {OjUJp; 

(iii) for each [m], is attached to Sp and -uls; is not constant. 

We denote by Mo,a(P", d) the closure of S!Jto,<7(P", d) in Mo,{o}uj(P", d). Figure 11 illustrates this 
definition, from the points of view of symplectic topology and of algebraic geometry. In the first 
diagram, each disk represents a sphere, and we shade the components on which the map u is non- 
constant. In the second diagram, the irreducible components of S are represented by lines, and 
the integer next to each component shows the degree of u on that component. In both cases, we 
indicate the marked points lying on the component Sp only. 

We define a partial ordering on the set A^i^d^ J) by setting 

a' = {m'; Jp, J'b) -< cr = {m; Jp, Jb) if cr'^a, m' <m, JpCJp. (3-3) 

Similarly to Subsection 2.2, this condition means that the elements of ^Moy{¥'^, d) can be obtained 
from the elements of DJlo^alP") d) by moving more points onto the bubble components or combining 
the bubble components; see Figure 12. As in the 5 = case of Subsection 2.2, the bubble components 
are the components not containing the marked point 0. 
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Figure 12: Examples of Partial Ordering (3.3) 
Lemma 3.6 If ai,a2&Ao{d, J), ox^a^ 01-^02, and a2-/^cri, then 

Mo,.,(P",d) nMo,.,(P",d) c Mo,^(,„,,)(P",d), 

where a'((Ti, (T2) = max {cr' G>Ao(d, J): cr' ^cri, (T2}. 

If a{a\,a2) is not defined, 9Jto,o-i (P", c?) anc? 9Jto,CT2 (P") c^) ^'"e disjoint. 

For example, if ai and (72 correspond to the two diagrams on the right of Figure 12, then a"((7i,(72) 
corresponds to the diagram on the left of Figure 12. 

If a={m; Jp, Jb) is an element of Ao{d, J), let 

M,;b(P'*, d) C n U ^o,{o}uj, (P", di) and 

ie[m] di>0,JiCJB 

,{0}UJi(P") <^i)5 

<ii>0,JiCJB 

be as in Subsection 1.2. Since each of the spaces 9Jto,{o}uJi(P") is smooth and each of the 
evaluation maps 

evo:Mo,{o}uj,(P",di) ^P" 
is a submersion, the space 9Jto-;B(P", d) is smooth. We denote by 

■ Mo,{OMm]Ujp xM^;b(P", d) Mo,a(P", d) C Mo,{o}Uj(P", d) (3.4) 
the natural node-identifying map. It descends to an immersion 

l^a : {Mo,{OMm]Ujp xM<,;b(P", d))/Sm ^ Mo,{o}Uj(P", d). 

Let 

^P, vrs : A7o,{o}uHujp xM^;B(P",d) — ^ ATo,{o}uHujp,^a;B(P", d) 
be the natural projection maps. The following lemma can be easily deduced from [P]. 

Lemma 3.7 If d £ Z+ and J is a finite set, the collections {L-a}aeAo{d,J) o,i^d {^a}(7eAo{d,J) of 
immersions are properly self-intersecting. If a €Ao{d, J) is as in (3.3), 

Im^VC UMo,<,'(P",d) and = Q 7T*pLim*B7T* Lq. 

a'-ia ie[m] 
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If in addition a' &Ao{d, J), a' ~<a, and a' is as in (3.3), then 

i-^ (Mo,,' (P", d)) = ( U ATo.p) X M,;b(P", d), where 

pGylo(cr;cr') 

A((7;a') = {p=(lpUj;,,{4Ujfc: A:Gi^})€^o(N, Jp): |i^| + |/p| =m'} 
ancJ .4o([m], Jp) and Aio,p are as in Subsection 2.2. Finally, if pEAo{cr',o'') is as above, 

ie[m]— /p 



We finish this subsection by describing a natural bundle section 

Vo e rpo,{o}uj(P",d),Hom(Lo;ev5rP'^)) 

which plays a central role in the rest of the paper. An element [b] G 9Jto,{o}uj(P"') c^) consists of a 
prestable nodal curve S with marked points and a map u: S — ^-P"". One of the marked points is 
labeled by 0. We denote it by xo{b). We define Vq by 

If il — ^9Jto,{o}uj(P"5 d) is the universal curve and ev: il — ^P'^ is the natural evaluation map, then 
X^olb is simply the restriction of devl^^^i,) to the vertical tangent bundle of it. The bundle section X>o 
vanishes identically along the subvarieties 9JIo,ct(P", with a&Ao{d,J). 

Lemma 3.8 If d E li^ and J is a finite set, the section T>o is transverse to the zero set on the 
complement of the subvarieties QJtco-CP", f^) with aEAo{d,J). Furthermore, for every 

a = {m; Jp, Jb) e J), 

the differential ofVo, 

VPo: K CHom(Lo,evSrP") = 7r|,L*®7r^evSrP", 
in the normal direction to the immersion La is given by 

^^oLj,Li®,r|,<Lo = T^*pSim*B<1^0 ViG [m], 

where si is the homomorphism defined in Subsection 2.2. 

The first claim of the lemma is an immediate consequence of the fact that 

J/i(E;u*TP"®0(-2z)) = {0} 

for every genus-zero stable map (S, u) and a smooth point z^Y, such that the restriction of u to 
the irreducible component of S containing z is not constant. The second statement of the lemma 
follows from Theorem 2.8 in [Zl]. 
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3.3 Initial Data 

If H and J are finite sets and d is positive integer, let 



evo(6/) = evo(6/0 VZ,/'^^}; 



9?io,(H,j)(F",ci) = {{bi)iei< e n^o,{o}uj,(P",t^O: ^(ii = (i; \JJi = J; 



evo(60 = evo(&;') VZ,rGH}, 



where 9Jto,{o}uj( (P"") c^i) is the subset of ^o,{o}uJi(^"'jdi) consisting of stable maps with smooth 
domains. For each Z € i^, let 

7r^:Mo,(H,j)(F",d)— U Mo,{o}uj,(F",dO 

d(>0,J(CJ 

be the projection map. We put 

where Lq — *'9^o,{o}uJi(F",d/) is the universal tangent line bundle for the marked point 0. In the 
next subsection, we construct a blowup 

vro,(H,j):^o,(K,J)(F",d) ^PF(H,j) 

of the projective bundle PF(h,j) over SDTq j)(P'^, d) and a line bundle 

E^^o,(H,j)(F",d)- 
We also describe a natural bundle section 

5(K,J) e r(^o,(H,j)(P",t^);E*®7r*,(H,j)7r;^(,,„ev^rP"), 

where 

is the bundle projection map. This section is transverse to the zero set. 

Similarly to Subsection 2.4, the smooth variety 9Jto.(H.j)(P"! f^) is obtained by blowing up the 
subvarieties OTq ^(P", d) defined below and their proper transforms in an order consistent with a 
natural partial ordering -<. The line bundle E is the sum of the tautological line bundle 

7(H,J) FF(K,J) 

and all exceptional divisors. The section is induced from the sections 7r*X>0) with I G K, where 

Vq is as in Subsection 3.2. 
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If K, J, and d arc as above, let 

Aoii<;d,J) = {((c7,),eK,JB):(az,0)e{(Oj)}uylo(dh J|,p), ((T/)zeK 7^ (O^k; 

Y,di = d, \JJi,p = J-Jb}. 

We define a partial ordering -< on ylo(^; d, J) by setting 

Q={{(^l)l&, J'b) -< Q= Jb) (3.5) 

if q' Q and for every / €K either a[ = ai, (cr^', 0) ^ (a;, 0), or o"[ = 0. If ^o(^; is as in (3.5), 
we put 

b^p(^) = (ZgK: (7,7^0} and i^5(^) = {/ g K : a; = 0}. 

Here P and S stand for the subsets of principal and secondary elements of l^, respectively; see the 
next paragraph. Note that 

g'^g =^ ^p{Q')<Z^piQ), ^^p(^)7^0 ygeM^;d,J), and 

g = {{mi; Ji,p)ieHp{Q), (0)/eKs(e), Jb) (3.6) 

for some mi and Ji^p. Choose an ordering < on Ao{'i^;d,J) extending the partial ordering We 
denote the corresponding minimal and maximal element by gmin and ^max, respectively. For every 
geAo^i^'jd, J), define 

g-1 G {0}uA(^^;c^, J) 

as in (2.6). 

If geAo{'i^;d,J) is as in (3.5), let 
Mo,,(P",d) = {ibi)i^^ e ^Mo,(,,,J,^)(P^c^O: ^di = d; □ Ji,b = Jb; 

evo(^) = evo(6iJ V/i, ^2 G i^} C Mo,(k,j)(P", ci). 

With * = P,S, we define 



Let _ _ 

an°,(P-,d) = FF,.p C 971° (,^^)(P",d) = PF(K,j). 

Prom Lemma 3.6, we immediately obtain 

Lemma 3.9 If gi, g2&Ao{i<;d, J), gxi^g^ g\-^g2, and g^^gx, then 

^g,,,(P",d) n^,,^(P-,ci) c ^,^(,„,,)(P",d), 

where g{gi, £'2) = max {^'G.4o(i^; d,J): g' ^gl,g2}■ 
Ifg{gl,g2) is not defined, SOtg^^^ (P", d) and Tl'^^^^{V'^ , d) are disjoint. 
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With Q as (3.6), let 

QP = {['^i\^Ji,p)ie'Rp{ey ^b{q) = '^s{q)^ Jb{q) = Jb, and Gq= JJ^^,. 

With M.Q gp as in Subsection 2.4, we denote by 

.0,,: Ml,p X Mo,(K,(,),J,(,))(P^c^) C ml^^^j^{¥\d) 

the natural node-identifying map induced by the immersions i'{ci,Ji b) (^■^)- descends to an 
immersion 

^0,.: (.M°,,xMo,(H,(,),j,(,))(P",d))/G,^9n°(,^^^(F",d). 

Let _ _ 

7rp,7rB: XH,,^ x Mo,(K^(.),JB(rf) (P"- ^ ■^o,.p'^o,(Hs(,),Js(,))(P", o!) 
be the projection maps. 

For the rest of this section, as well as for Section 4, we take 

^o,(N,J) =^o,(K,J)(F",d), a«o,(H,j) = 9JIo,(H,j)(IP",d), ^|],(H,j) = ^li,(«,j)(F",d) V (K, J); 

^S,, = ^S,,(lP",d) ^ QeAo{^;d,J). 

Lemma 3.10 If "A and J are finite sets and d^X^ , the collections 

of immersions are properly self -intersecting. If 

Q* = {{m*i; Jlp)i&p{e*), (0)i6Ks(e*), J*b) e J), 

then 

W to,g* C IJ ^Q^^ and 

«eHp(e*)ie[m,*] /e«s{e*) 
where Eg is as in Subsections 2.4- // £», ^* € -4o(i^; J), ^ is as (3.6), and q-<q*, then 

pe-4o(e*;e) 

Q) = {p= (^^p(e), J,,p, {IlkUJlk : /c€i^;});eHp(,*)) ^ A(f?p) : 

\Kl\ + \Ilp\=mi'ile^p{Q*)] 
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and Aq{q*p) and M.Q p are as in Subsection 2.4- Finally, if P^Aq{q*;q) is as above, 

The normal bundle A/^g ^, for the immersion ig^g* splits into horizontal and vertical bundles: 
It is immediate from the definitions that 

The horizontal normal bundle A/^^ ^ is the pullback of the normal bundle for the node identifying 
immersion 

induced by the immersions i(al,J*g) (3-4) by the bundle projection map Tv^p^.p. The normal 
bundle for this immersion is the sum of component-wise normal bundles given by Lemma 3.7. The 
remaining claims of Lemma 3.10 follow easily from the corresponding statements of Lemma 3.7 
as well. 

We note that for every g* e AoC^^; d, J) , 

Mq*p)= \_\Ao{Q*;g). 

Q-<Q* 

Furthermore, if q\, £»2 ev4o(i^; J) are such that Qi,Q2~<Q*-, then 

Thus, we can choose an ordering < on Aq{q*p) extending the partial ordering -<; of Subsection 2.4 
such that 

Qi<Q2, pI^Aq{q*\Qi), pI^Aq{q*\Q2) =^ P\<P2^ 

whenever qi, Q2 G ^o(^; J) a-re such that gi, Q2~< Q* ■ In the next subsection, we will refer to the 
blowup construction of Subsection 2.4 corresponding to such an ordering. 

Via the projection maps tt;, the bundle sections Vq of Subsection 3.2 induce a linear bundle map 

^(K,J) : i^(H,J) ev*rP" 
over 9Jlo^(K,j)- In turn, this homomorphism induces a bundle section 

Poer(^^(^^^);ES®4^^^_^^ev^rP"), where Eq = 7(h, j) ^ ^o,(K, J) • 
This section vanishes identically on the subvarieties SJIq^^ of SUIq with ^GylQ(H; d, J). 
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Lemma 3.11 The section Vq is transverse to the zero set on the complement of the subvarieties 
SJIq^^* with g* E Ao{'i^; d, J) . Furthermore, for every g* E Ao{'i^; d, J) as in Lemma 3.10, the differ- 
ential ofVo, 

in the normal direction to the immersion lq^q* is given by 

^^o|Tj,Lo,a.i)®T|,^5,,)io = ^P^o,(M)®^B^(/,i)^o V iG K*], lei<p{g*), 
and VPo|_;vrT = '^*p'^^®'^*B'^{i^B{e*),JB{s*))^ 

'■0,g* 

where So,(z,i) the homomorphism defined in Subsection 2.4- 
This lemma follows immediately from Lemma 3.8. 

3.4 Inductive Construction 

We are now ready to describe the inductive assumptions for our construction of the blowup 

Suppose £)G^o(^; d, J) and we have constructed 

(71) a blowup TTg-i : Tl^^^j^ — ^^^k j) such that tt^-i is an isomorphism outside of the preimage 
of the spaces OJt[j ^, with Q'<g-1; 

{12) a line bundle Eg_i — >^l^^jy 

(73) a section G r(^^^-i);E;_i®7r/_i7r;p^^_^^evSrP-). 

For each g*>g—l, let _ _ _ 

be the proper transform of SPtg^^* in QJl^j^j^. We assume that 

{I A) the section Vg^i is transverse to the zero set on the complement of the subvarieties SP^o^i 
with g* > g—\ and vanishes identically along these subvarieties; 

(15) if gi, Gv4o(i^; d, J) are such that gii^g2, g\-^g2-, 62-Aqi, and g—l<gi,g2, then 

^L'r^^L' I^^SJ--)' if^(^i'^^)>^-i; 

0,^1 0,^2 I ^13^ otherwise, 
where g{gi, ^2) is as in Lemma 3.10. 

We also assume that for all g* € ^o(^; d, J) such that g* > g— 1: 

(76) the domain of the Gg*-invariant immersion ig-i,^* induced by lq^q* is 

^Ze*p~^^ x^o,(Hs(e*),JB(e*))' where 



Pe*{g-1) = < 



0, otherwise; 
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(17) if ^ G J) is such that q-\<^ <q* , then 



i 



-I.* K".' ) = ( U -^K^'"'0 ^ ^o,(K.(.*),j.(.*)); 

pe^o(e*;e') 

(J8) Wt^-i,^* C U^-i<^'^^* ^o;^'\ where 

is the immersion map induced by Lq-x^q*. 

Furthermore, we assume that 

(19) the cohections {i^q-x^q*} Q*^AQ{^-d,j),e*>Q-i and \le-\,Q*} e-\&M{^\d,J),e''>e-\ of immersions 
are properly self-intersecting. 
Finally, for ah gi* G^(bJ;; d, J) such that q*>q—\: 

(-flO) = T^*p^p,*ig-i), where 

are the two projection maps; 

(111) if Q* is as in Lemma 3.10, then the normal bundle for the immersion t^-i,^* is given by 

where ]Ep^^(^_i) — >M.q'^*!^^ are the line bundles constructed in Subsection 2.4; 

(112) the differential oiV^_i, 

in the normal direction to the immersion Iq-i^q* is given by 

and VPg_i|^T =7rpid(8)7r^P(Hs(^*),jB(g*)), 
where is the homomorphism defined in Subsection 2.4. 

By the inductive assumption (/4), the loci on which the sections T)g fail to be transverse to the 
zero set shrink and eventually disappear. For each q, the behavior of T>g in the directions normal 
to the "bad" locus is described by (/12). By the inductive assumption (15), if and Q2 arc non- 
comparable elements of (^o(^; J), -<), the proper transforms of OJTq and SJTq become disjoint 
by the time either is ready to be blown up for any ordering < extending the partial ordering -<. 
Similarly to Subsections 2.3 and 2.4, (/5) will imply that the end result of the present blowup 
construction is independent of the choice of an extension <. By (/6), our blowup construction 
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modifies each immersion io,o-* by changing the first factor of the domain according to tlie blowup 
construction of Subsection 2.4, until a proper transform of the image of 60,0-* is to be blown up; see 
below. By (/8), by the time this happens the immersion io,(T* induced by 10,0-* transforms into an 
embedding. Thus, all blowup loci are smooth. 

We note that all of the assumptions (/l)-(/12) are satisfied if g—1 is replaced by 0. In particular, 
(75) is a restatement of Lemma 3.9, while (14) and (112) are the two parts of Lemma 3.11. The 
statements (/7)-(Ill), with g—1 replaced by 0, are contained in Lemma 3.10. 



If gEAo{i^;d,J) is as above, let 

be the blowup of Tt^^^j^ along SJtg^^ ' which is a smooth subvariety by the inductive assumption (18) . 
We denote the exceptional divisor for this blowup by dJl^ ^. If g* > g, let TIq ^, C be the 

proper transform of QKq"! . We put 

E, = 7r;E,_i0O(^og. (3.7) 
The section Tr*Vg-i vanishes identically along the divisor 9JIq ^. Thus, it induces a section 

where tTq = tTq-io Wg. 

The inductive assumptions (/l)-(/3), with g—1 replaced by g, are clearly satisfied, while (15), (IS), 
and (79) follow from (2) of Lemma 3.3 and Corollary 3.4. On the other hand, by (76), the domain 
of the immersion tg-i,g is 

where M-o,Qp — ^■^o,qp ^^e blowup constructed in Subsection 2.4. By (711), the normal bundle 
for the immersion ig-i^g is given by 

= TTpL (8) 7rsF(Ks(£,)„7B (£.))' 

where L — > A^o.gp is the universal tangent line bundle constructed in Subsection 2.4. We also 
note that by (710), 

By (712), the differential of X>^-i in the normal direction to the immersion ig-i,g is given by 
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Thus, if _ 

is the immersion induced by i^g-i,g, then 

Lemmas 3.10 and 3.11 thus imply that the restriction of the section Vg to the exceptional divisor 
g is transverse to the zero set away from the subvarieties SPTo,^. with g* > g. Thus, by the 
inductive assumption (J4) as stated above, (74) is satisfied with g—1 replaced by g. 

We now verify that the remaining inductive assumptions are satisfied. If g<g*, but gy^g*, 

Pe' {q) = (e- 1) and n ml'g = 0, 

by definition and by {15), respectively. It then follows that 

Thus, the inductive assumptions (16), (17), and (110)- (112), as stated above, imply the corre- 
sponding statements with g—\ replaced by g. 

Suppose that g^g*. By (16) and (1) of Lemma 3.3, the domain of the immersion tg^g* induced by 
the immersion tg-i^g* is the blowup of 

along the preimage of 9Jto,e^ under ig-i,g* in 
By (/7), this preimage is 

pe-4o(e*;0) 

By the last paragraph of Subsection 2.4 and the second paragraph after Lemma 3.10, 

-^K,^'"'^ n>l£,^^-'^ = ypi,P2€Ao{g*;g), p,^p2. 
Thus, by the construction of Subsection 2.4, the blowup of A^Q^^i^ along 

U ^Z''"' 
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is M.Q^*^*^^ , as needed for the inductive statement (/6) , with q—1 replaced by q. For the same 
reasons, (/lO), (2.12), and (3.7) imply that 

Thus, the inductive statement (110), with q—1 replaced by q, is satisfied. The assumption (/7) is 
checked similarly, using (3) of Lemma 3.3. 

We next determine the normal bundle for the immersion Iq^q*- The restrictions of the line bun- 
dles -^^p^,(g-i),(i,i) and Ep^,,(g_i) to the complement of the exceptional divisors in M'q'J^^ are 
TT* ,(g_i)-^o,(z,i) TT* ^(^_^)IEo) by the construction of Subsection 2.4. Thus, by the last statement 
of Lemma 3.10, (/II), and the inductive assumptions (/I) above and in Subsection 2.4, 

l&.p{e*)-vt.p(e) ie[m*\ i&.p(q) ieK]-/i,p 

for all P^Aq{q*\q) as in the statement of Lemma 3.10. Let 

Ip{p) = {{Ui):le)^p{Q),ieIi,p}. 
Prom Lemma 3.5, we then obtain 

/eKp(e*)ie[m;*]^ peA)(e*;e),G,i)e^p(p) 

1&s(q*) P&Ao{q*;q) 
= © ©('^pV{.),{M)«'^Wm)^o) ® 7rJ,E;^^(^)® ©vr.Uo- 

The last equality above follows from (2.11) by the same argument as in the previous paragraph. 
We have thus verified that the inductive assumption (/II), with g—1 replaced by g, is satisfied. 
Finally, the inductive assumption (/12) and the continuity of the two bundle sections involved in 
the identity in (/12), with g—l replaced by g, imply (/12) with g—1 replaced by g. 

We conclude this construction after the blowup at the gmax step. Let 

^o,(K,J)(F^d) = ), E = E,_, = 

By the inductive assumption (/4), applied with g-1 replaced by ^^max, the section is transverse 

to the zero set. As in the previous two subsections, the final result of this blowup construction is 
independent of the order < chosen to extend the partial ordering -< on .4o(H; d, J), as can be seen 
from (/5). 
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4 A Blowup of a Moduli Space of Genus- One Maps 



4.1 Idealized Blowups and Immersions 

In this section we describe the main blowup construction of this paper. This is the sequential 
idealized blowup construction for 9Jli ^(P", d) with the initial data and the inductive step specified 
in Subsections 4.2 and 4.3, respectively. This construction is outlined in Subsections 1.2 and 1.3. 

In contrast to the situations in Sections 2 and 3, the variety 9Jti^fe(P",d) is singular. In order to 
describe the structure of 9Jti^fe(P", ti), we introduce the notion of idealized normal bundle for an 
immersion. Recall that the domain of an immersion is assumed to be a smooth variety. 

Definition 4.1 Suppose 9Jt is a variety and lx '■ X — >M is an immersion. An idealized normal 
bundle for the immersion ix is a vector bundle Ml'^ over X such thatN.^^M'l'^^. 

Remark: An idealized normal bundle is of course not unique; an idealized normal bundle plus 
any other vector bundle is still an idealized normal bundle. If the image of ix is an irreducible 
component of SJt, an idealized normal bundle of the smallest possible rank still need not be unique; 
it can be twisted by any divisor in X disjoint from the preimage under lx of the other components 
of For each of the immersions we encounter in the next subsection, there is a natural choice 
for Ml'^. These idealized normal bundles also transform in a natural way under blowups and proper 
immersions, as described in Lemma 4.3 below. 

Suppose 971 is a variety, Z is a smooth subvariety of SDt, and Ml^^ is an idealized normal bundle for 
the embedding lz of Z into SDX. Let 

be the exceptional divisor for the blowup of 931 along Z. We denote by Bl^^SW the variety obtained 
by identifying Bl^SJt with 

along £z- We will call 

the idealized blowup of SPT along Zand the idealized exceptional divisor for tt^^^, re- 
spectively. More generally, we will call 

-K-.m — >m 

an idealized blowup of SJt if vr is a composition of idealized blowups along smooth subvarieties. 
In practice, idealized blowup is simply a convenient term. In the inductive assumption (/I) in 
Subsection 4.3 below, it can be replaced by morphism of varieties, as the remaining inductive 
assumptions describe all the relevant properties of this morphism. Let 

. fide 

lz — ^ Cz 

be the tautological line bundle. Note that the normal bundle of £z C £^^^ in 

PrzM = BlzM 
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is ^z\sz- (This observation implies the first statement of Lemma 4.3.) 

Our strategy is as follows. We begin with a space with a properly self-intersecting collection of 
immersions, each with an idealized normal bundle. These are the immersions ia with a ^Ai{d,k) 
defined in Subsection 1.2; their images are the subvarieties ^i^„{¥''"' ,d) of 9?ti^fc(P", d). The ideal- 
ized normal bundle for the immersion is the direct sum of the deformation spaces of the nodes 
between the contracted genus-one curve and the non-contracted genus-zero curves that are identi- 
fied by ifj. At each stage, one of our immersions is an embedding, and we blow it up, replacing it 
with its idealized exceptional divisor. The exceptional divisor of the blowup of the main component 
is the intersection of the new main component with the idealized exceptional divisor. Then after 
each step, we have a new properly self-intersecting collection of immersions. Moreover, there is a 
natural idealized normal bundle to each of the proper transforms of the immersions we have "yet 
to blow up". 

We now say this more explicitly. The following two lemmas are direct extensions of Corollary 3.4 
and Lemma 3.5. The first lemma states that if we have a properly self-intersecting collection of 
immersions, one of which is an embedding, then upon blowing up the embedding, we still have a 
properly self-intersecting collection of immersions. It is immediate from the definition of "properly 
self-intersecting" , by checking in local coordinates. 

The second part of the second lemma follows from Lemma 3.5 with only one change. Instead of 
writing 

= ®Li and Mvr^,^ = (ttU^ ® (g) 0{-E,)) 

iei iei ieig 

as in the statement of Lemma 3.5, we are saying that if we have a natural inclusion J\f^-^ Li, 
then we get a natural conclusion 

■A/'prz.x C (ttU, ® (g) 0{-E,)) . 

i&I i£lg 

The vector bundles on the right are the original idealized normal bundle and the new idealized 
normal bundle, respectively. 

Lemma 4.2 Suppose Tl is a variety, {ia- X„ — >dJt}cT£A is a properly self-intersecting collection 
of immersions, and a is such that is an embedding. If Ml'^^ is an idealized normal bundle 
for ifj, then 

is a properly self-intersecting collection of immersions into BlJ^^^93t. 

Lemma 4.3 If ^ is a variety, Z is a smooth subvariety of SDt, and A/^^^ is an idealized normal 
bundle for lz, then 

is an idealized normal bundle for the immersion /-^kic. Suppose in addition that ix, A, Zg, and Eg 
are as in Lemma 3. 5 and Nl'^ is an idealized normal bundle for ix ■ If there exist a splitting 

iei 
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and a subset Ig of I for each qgA such that (3.1) holds, then 

is an idealized normal bundle for the immersion Pi zi'X- 

Definition 4.4 Suppose dJt is a variety, lx '■ X — >9K is an immersion, is a subvariety in OJt, 
and TC9Jt CTTX is the tangent cone ofTt in Tl (TCTl not necessarily reduced). The subvariety 
9Jt is proper relative to lx if 

dix TCl-^(0) = L*xTCTf n Imdix C L*xTm 

and the map 

i*xTCWf\.,^^^/lindtx\^^_,^^^ L*xTm/lmdix C A^^^ (4.1) 
induced by inclusions is infective, with its image being reduced. 

The left-hand side of (4.1) denotes the family of cones over 6^^(971^) such that for each xGi^^(M°) 

is the quotient by the minimal vector subspace of Im dLx\x = dixiT^X) containing the cone 
Imd/,xL „ -i/(v5rO^. If TCiy^lTt ) is a vector bundle, the two conditions in (2) of Definition 4.4 are 
equivalent. 



If 93t is a subvariety of SOT which is proper relative to an immersion lx '■ X — > 931, we denote by 

K^^^^^i^xTTl/l^dLxCKf 

the image of the homomorphism (4.1). We wUl call J\f the normal cone of lx\ -i/(y^>o^ 
in Tf. 

Lemma 4.5 Suppose dJt is a variety, lx ■ X — > ST is an immersion with an idealized normal 
bundle M'l^^, Wf is a subvariety o/9Jl which is proper relative to lx, and 



is such that M is the closure of M {^\z in N!'^ . 

(1) If X is a smooth subvariety ofTl, then PrxSPT is proper relative to the immersion i-^ide, 

£'^' nPixTf C £x 
is the closure ofFM in , and 



'x 



(2) If Z is a smooth subvariety of dJt disjoint from ixi^) and A/"/^*^ is an idealized normal bun- 
dle for Lz, then Pr^SJt" is a proper subvariety of Bl^'^QH relative to the immersion Piztx and 

^Pr^.x|PrzM° ^^'^""^^ '^/■^.xP°l^ *^-<z.x- 
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The first part of (1) essentially follows from the universal property of blowing up: if 9JI is blown 
up along Z, then the proper transform of 93t in SOT (the scheme-theoretic closure of SPt — Z in 
the blowup) is the blowup of M° along ^foZ, and the normal bundle to the exceptional divisor 
in Bl^^^dJl^ is the restriction of the normal bundle of the exceptional divisor in Blz^- The 
statement (1) is the etale-local version of this. Part (2) is clear by working in local coordinates. 

4.2 Preliminaries 

In this subsection, we state a number of known facts concerning the moduli space 9Jti^fc(P", d) that 
insure that the inductive requirements of the next subsection are satisfied at the initial stage of 
the inductive construction. Lemmas 4.6-4.9, with the exception of one statement, are straightfor- 
ward to check from the definitions (and [P] in some cases). We show that the last statement of 
Lemma 4.7 is a reinterpretation of a standard fact concerning moduli spaces of stable maps. 

Let {Ai{d, k), ^) be the partially ordered set of triples described in Subsection 1.2. It has a unique 
minimal element and a unique maximal element: 

o-min = (1; 0, [k]) and a^ax = {d; [k],$). 

Let < be an order on Ai{d, k) extending the partial ordering -<. For every aeAi{d, k), we define 

cr-l G {0}uAi{d,k) 

as in (2.6). For each element a = {m; Jp, Jb) of Ai{d, k), let 

M°,=Mi,,(P-,d) cM°ifc=Mi,fc(P-,d) 

be the subvarieties defined in Subsection 1.2. 

Warning: Note that ^, denotes the entire moduli space ^(P", d) and not the main component 
Similarly to Sections 2 and 3, the superscript indicates the 0th stage in the blowup 

process. 

Lemma 4.6 // ai = (mi; Ji-p, Ji-b) 0,'nd G2 = {m2\ J2;Pi J2;b) o,re elements of Ai{d, k), ai ^ 02, 
<7\-A^2, and a2y^c7i, then 

,d-{a-i ,a2) ■> where 
o-(a-i,c72) = (min(mi,m2); Ji;pnJ2;p, Ji;bU J2;b). 



With a as above, we define 

Ip{a) = i^B(o-) = H, Jp{a) = Jp, Jb{(t) = Jb, Ga = S, 
As in Subsection 1.2, we denote by 

tO,a- ■^l,(/p(a),Jp(<7)) X ^0,(Hs(a),JB(o-)) '^l,a ^ ^l,k, 

where 9?to,(HB W.JbH) = 3?to,(Hs(a),JB(a))(P", d), 
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the natural node-identifying map and by 

{j^l,{Ip{a),Jp{a))^'^,{^B{'j),JB{'j)))/Ga ' ^\,k 

the induced immersion. Let 

TTp, TTb: Xano,(Hs{a),Js(CT)) ' •A^l,(7p(a),JpM)>2no,(Kp(a),Js(a)) 

be the two projection maps. 

Lemma 4.7 Ifd,nGZ'^ andk&Z'^, the collections {'-o,o-}cre^i(d,fc) c-f^d {lo^cr}<7eAi{d,k) of immer- 
sions are properly self-intersecting. If a* = (m*; Jp, J^)£ Ai{d, k), 

W60,a*C and Ml^^^, = ^TT*pLim*BTr*Lo 

a'^a* i€[m*] 

is an idealized normal bundle for io,o-* ■ 

We deduce the last claim of this lemma from the deformation-obstruction exact sequence (24.2) 
in [MirSym] as follows. Suppose 

[S, u] = LQ^a* ([Sp] X [Sfi, ub]) e > where 

[T,b,Ub] = G 2)to,(KB(a*),Js(a*))- 

By [MirSym, (24.2)], there exists a natural homomorphism 

js,«: TMi,fc(P",d)|p^^j = Def(S,n) Def(S), 

where Dcf(S,n) and Def(S) denote the deformations of the stable-map pair (S,n) and the defor- 
mations of the curve S (with its marked points), respectively. As is considered as the image 
of [SpjxfSB, tifi] under io^a*, there are m* distinguished nodes of S. These are the nodes of S that 
do not correspond to either the nodes of Sp or the nodes of any of the curves Sj with i G [m*] ; see 
Figure 13. Let 

Def(Sp,Sij) C Dcf(S) 

be the deformations of S that do not smooth out the distinguished nodes of E. Since the smoothing 
of a given node of S is parametrized by the tensor product of the tangent lines to the two branches 
of S at the node, we have an exact sequence 

Def(Sp, Sp) Def(S) ^ 0- 

We denote by 

Def(Ep, (Sp,np)) C T^i,fc(P",d)|p^^] = Def(S,u) 

the kernel of the map 

JEO js,n: Def(S,n) ^ A/;^f^.|p^j^p^^„^,. 

The space Def(Ep, (Ep, up)) consists of deformations of (E,ti) that do not smooth out the m* 
distinguished nodes of E. Thus, 

Def (Ep, (Ep, np)) ^ Def(Ep) ® Def(Ep, np) 

= ^•^l,(/p(o-*),Jp(a*))l[Spl ® T'9^0,(Hs((t*),Js(o-*))I[Eb,«s]- 
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Figure 13: A Point in the Domain of to^o-* and Its Image in 93ti fe(P",d) 



The isomorphism from the right-hand side to the left-hand side is given by diQ^a*- Thus, the 
homomorphism jsois,u induces an injection 

as needed. 

Lemma 4.8 If d, n, k, and u* are as in Lemma Jf..!, G^A\{d^K) is as above, and a~<a*, then 
V* = ( U ^Ip) ^ ^0M<t*),Jb{<t*)}^ where 

p£Ap{<J*;a) 

Ap{a*;a) = {p={lpUJp,{IkUJk: k€K}) eAi{lp{a*), Jpia*)) : \K\ + \Ip\=m} 

and Ai{Ip{a*), Jp{a*)) and^A^p = Aii,p are as in Subsection 2.2. Furthermore, if pEAp{a*;a) 
is as above, 

iE[m]—Ip 

Lemma 4.9 If d, n, k, a, and a* are as above, then 

^s(a;o-*) = {q= {i<Ti)i^iij^^^), Jb) eAo{^B{cry,d, Jsicr)) ■■ |i^s(e)| =m*}, 

and AoCi^Bif^)', d, Jsicr)), i^B(^), and dJlo^g = dJlo^g{¥'^ , d) are as in Subsection 3.3. Furthermore, if 
^G.4.b(c; c*) is as above, 

'°''^li^?.(/p(a)..p(.))xOTo,/^i,-*/^(^,(/pW,JpW) x^o.^) = 07r|>Li®7r^7r*Lo, 
where i^p(£') C ^^(cr) is as in Subsection 3.3. 
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We note that for every a* G (d, fc) , 

Furthermore, if (Ti , (T2 G A\ {d, k) are such that ai,a2-<c7* , then 

p-ieAp{a*;ai), P2&Apia*;a2), pi<P2 =^ (Ti<a2. 

Thus, we can choose an ordering < on Ai{Ip{a*)^ Jp{a*)) extending the partial ordering -< of 
Subsection 2.3 such that 

0"l<Cr2, pieAp{(J*\ai), P2Gv4p((T*;(72) Pl<P2, 

whenever 01,(12 G Ai{d, k) arc such that tJi, (J2 ^ cr*. In the next subsection, we will refer to the 
blowup construction of Subsection 2.3 corresponding to such an ordering. 

Similarly, if a' eAi{d,k), 

Ao{iiB{a'y,d,JB{(T')) = □ AB{(T';a). 
Furthermore, if ai,a2&Ai{d,k) are such that a' ~<ai,a2-, then 

£•1 G.4b(o-';(7i), Q2^Ab{(t'\(T2), Q1<Q2 =^ (7l^(72. 

Thus, we can choose an ordering < on Ao{^B{(^')'-,d, Jsicy')) extending the partial ordering ~< of 
Subsection 3.3 such that 

0-1 < 0-2, Qi^AbW\(Ti), Q2&AB{cr';a2) Ql<Q2, 

whenever o"! , (T2 € ^1 (d, k) are such that a' -< o"! , (T2 . In the next subsection, we will refer to the 
blowup construction of Subsection 3.4 corresponding to such an ordering. 



We denote by 9?ti,(o) the main component 93ti j.(P"', d) of the moduli space 93ti,jt(P"', d). If cr G 
Ai {d, k) , we put 

= v.'(^,(o)) = /^o:.'P?,(o)nM;,j; 

= .07; (m;,(o) n Til,) c ' ^i^e'^e an?,, = m%{r\ d). 

We denote by A/"^ C A/^^^ the normal cone for to,cr|;2° ^1,(0) ■ Its structure is 

described in Lemma 4.10 below. Let 

Vo,. G r(7W°(,^(,),j^(,)) xMo,(K,(.),j,(<.));Hom(A/;^de,7r|>E^®7r^evSTP")) 
be the section defined by 

^0,al*^L,^^*^n*Lo = TTpSQ,, ®7r^7r*Po, VzG [m], 
where so,i and 2?o are as in Subsections 2.3 and 3.2, respectively. 
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Lemma 4.10 For all a€Ai{d, k), ^i^(q) is a proper subvariety ofdJlij^ relative to the immersions 
to,CT o,nd io,(T- Furthermore, 

and J\fZ^^ I ^0 = ker Po,o- 1 ■ 

Finally, ^ is the closure of Z^ ^'^ ■^^,{/p(<t),Jp(<t)) ^ ^o,(Kb((t),Js(o-)) and J^f^^ is the closure of 
^alzoinAfl^^. 

This lemma is a consequence of [Z4, Theorem 2.3] and related results. In particular, the first claim 
in the second sentence of Lemma 4.10 is a special case of the first statement of [Z4, Theorem 2.3]. 
The second claim is nearly a special case of the last statement of [Z4, Theorem 2.3], but some 
additional comments arc required. [Z4, Theorem 2.3] by itself is a purely topological statement, as 
it describes the topological structure of a neighborhood of each stratum of lq^u{Z^) in OJTj^^^q-). On 
the other hand, by Subsection 4.1 in [Z2], A/'^j^o is contained in kcrPo,o-- The second claim in the 
second sentence of Lemma 4.10 can then be obtained from a dimension count and a comparison 
of the gluing construction used in the proof of [Z4, Theorem 2.3] with the analysis of limiting 
behavior in [Z2, Subsect. 4.1]. This comparison implies that the gluing parameter in the analytic 
construction of [Z4] agrees to the first two orders in the zero limit with the smoothing parameter 
in algebraic geometry. Thus, A/'^j^o must be equal to kerP^.o- Alternatively, suppose that d<n. 

If the moduli space ^i^cr nonempty, then m<n and thus for a Zariski open subset Z^r-i of Z^ 
l<dimA^L = 1 = dimkerPoal^ ^ A/^L =keTVoJ-. ■ (4.2) 

Since Po,<t is transverse to the zero set over Z^, the second claim in the second sentence of the 
lemma follows from (4.2), if d<n. The general case follows from the observation that 

Mi,^(P",d) = {p,«]€Mi,,(P"+^d): u(S)cP"} 

and the d<n case. 

The first claim in the last sentence of Lemma 4.10 can be obtained by combining the first statement 
of [Z4, Theorem 2.3], the m = l case of [Zl, Theorem 2.8], and the Implicit Function Theorem. It 
also follows immediately from the last claim of Lemma 4.10. The latter can be deduced from [Z4, 
Theorem 2.3] as follows. Suppose first that m<n. In this case, [Zl, Theorem 2.8] implies that Z^ 
admits a stratification 

Z(j = Za;l U 1^ Za-a 
aeA 

such that Z^-i is a Zariski open subset of Z^, 

Za;i <^ Z^, dimA/^|6 = l ybeZ^-i, 
and max {dim A/'-Z[^|b: 6€-Zo-;a} < codim-go Zo-;a VaG^l; (4.3) 
see the next paragraph. Let 

Z0 = PA^° cPACjJ^o 
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be the exceptional divisor for the blowup of OJti^ (g) along QH^ Since all irreducible components 
of must be of the same dimension, Z° must be the closure of Z^\z% by (4-3). This closure 
property remains valid even if we do not assume that m<n for the following reason. Let pfGP"+'^ 
be any point not contained in P". Let 

be the corresponding linear projection. It induces projection maps 

{[S,u]GM?,it(P"+'',d):pt^«(S)} ^M?,fe(P",d) and 
(p: {[S,u;i;]GZO(P"+^d):pt^u(S)} ^ZO(P-,d). 

The latter map takes -2^ (P"'"'"'^, d)|20 (pn+d^^) to 2^(P"', djl^o^pn^^)- Since the closure of 

(P"+rf,d) 

contains 2^(P", d), it follows that so does the closure of 2^(P"', d)|20(pn,d). This observation implies 
the last claim of Lemma 4.10. 

We conclude this subsection by briefly describing the stratification mentioned above. A stratum 
OJlr^ of 9Jto,(HB(o-),Js(o-)) corresponds to a tuple = (rB;;);gHB(o-) dual graphs, all of which are 
trees. The vertices of V^-i correspond to the irreducible components of the domain of the stable 
map hi in the definition of 9JIo,(Hs(o-),Js(o-)) at the beginning of Subsection 3.3. Each vertex v of 
r^;; is labeled by a nonnegative integer, which specifies the degree of the stable map hi on the 
corresponding component S^. There is an edge in r^;; between two vertices if and only if the two 
corresponding components of the domain share a node. In addition, there are tails attached at 
some vertices of F^.;, which are labeled by the indexing set for marked points of the map 6;, i.e. J;^p 
in the notation of Subsection 3.3. Let v*i be the vertex of F^^^ to which the tail corresponding to 
the marked point is attached. If the degree of v\ is positive, let 

Otherwise, denote by Xi^b) the set of positive-degree vertices of F^.; that are not separated 
from vl by a positive-degree vertex. Suppose 

^ = (ft/)iGNBM ^ ^ 2Jto,(NB(a),JB(a)) n n^rs^p with hi = ^i,ui\ 

as in the paragraph preceding Lemma 3.8. If and v = Vi, let 

ImVylb = ImPolb; = Im dui\^g(^b^) C revo(6)P''. 

If f is a vertex of Fb-^i different from v^, we denote by ImP„|;, the image of c/{u;|s„} at the node of 
corresponding to the edge of F^;; that leaves v on the unique path from v on vf in Tb;1- Note 
that if v&xi{^b), tlie image of this node under ui is evo(fe). We set 

x(F)= \Jxi{rB). 
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With b as above, let 

codimI'|6= |x(rB)| - dimSpan{lmP^|b: f GxKrs), ^ e^B(^^)}• 
For each pair a = (rB,/u), where fieZ'^ is such that 

max(l,|x(rB)|-n) </x< |x(rB)|, (4.4) 

we put 

-2rs;a = {be^M^B ■ codim2?|6 = |Lt}. 
By the first statement of [Z4, Theorem 2.3], 

^° = U ^^^^^ = -^M/pW.JpM) X ^rB;a- 

a 

The disjoint union is taken over all pairs Q; = (r,/x) as described above. Prom transversality as in 
the first claim of Lemma 3.8, it is easy to see that 

codimanj, Zr^ja = (n - {\xiTB)\-^l))^l 

^ (4.5) 

>n-(|x(rB)|-M); 

see the end of [Z5, Subsect. 2.3], for example. The above inequality follows from the first inequality 
in (4.4). By (4.5), if m= |KB(a)| <n, 

codim^Z^;a = codimjOTrg^rsja + codim^^^^^^^^^^^^^^^^ajtrs 

— COdim-r-rO 

■A^l,(/p(cr), Jp(a)) XSrio,(Ns(<r), Js(a)) 

> (n-|x(rB)|+/x) + (|x(rB)|-|KB(a)|) - (n-|KB(a)| + l) = 
On the other hand, by the last statement of [Z4, Theorem 2.3], 

max {dim AfZ^li, : b&Zcr-a} = A*- 

We conclude that 

maxjdim A^Zp-lb: beZ^^a} < codim-^o Zo-;a + 1. 

The equality holds if and only if = 1 and is a tuple of one- vertex graphs, i.e. the image of 
•^i,{ip{a),Jp{(7)) ^^Vb under io.cr is contained in SD^i^o-. This observation concludes the proof of the 
stratification claim made in the previous paragraph. 

4.3 Inductive Construction 

This subsection is the analogue of Subsection 3.4 in the present situation. Suppose a G Ai{d, k) 

and wc have constructed 

(71) an idealized blowup tTo— i : — ^97ti fc such that tTo— i is an isomorphism outside of the 

preimagcs of the subvarictics ^t*j' with o"' < o" — 1 ; 

(72) for each a' G {{0)}\JAi{d, k), a subvariety Tli J of Tllj,^ such that 
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and 9Jti_(^i is the proper transform of Sfl'j'^^* for a* = (0) and for all a* G Ai{d, k) such that a* > a—1. 
We assume that 

(73) for all a\,a2^Ai{d,k) such that cti 7^(72, cJiy^ o"2, cri, and a—\<a\,a2, 

'■'^^ ^'"^ \=0, otherwise, 
where d{ai,(j2) is as in Lemma 4.6. 

We also assume that for every a' ^Ai{d,k) such that a' <a—l: 

(74) 93ti (^/^ is the image of a G^-' -invariant immersion 

: Mi,(/p(.'),^p(^')) X ^o:(£("^0,Js(a')) ^ ^^^^^ 
max{£iG^B((7';(7*): ct'^ct* <(7-l}, if 3a*G A(c?,^) s.t. u' ^a* <a-\; 
0, otherwise, 



£>(^/(cr-l) 



and aJl^'/i'"/,! , , =Sr)t^-;i'^, V, , , /^^(IP",c^) is the blowup 971° / ^ w /^^(F",d) constructed 
in Subsection 3.4; 

(75) if a* &Ai{d,k) is such that a—l<a* and a' <a* , then 

where ^or^^''''^ = ^1"'^"'^^ is the subvariety of ^or(Ks(^0,'^s(^')) described in Subsec- 
tion 3.4; 

(76) an idealized normal bundle for the immersion 1^-1,^' is given by 

1,.' = ""P^ ® '^S'^^*,(a-l)7(Hs(a'),Js(a'))' 

where 

TTB, TTp: X 2?tor(Ks(aO,Js(a')) ' -^l,(/p(<7'), Jp(a')) > ^^(^(a'ljsCa')) 

are the two projection maps and L — ^ ■^i,(7p(ct'),Jp((t')) is the universal tangent line bundle of 
Subsection 2.3; 

(0)) is the closure of 

K-r' - ><i,(.p(.'),^P(<^')) X fe(.-i)(o) - U ^or;^^"'0 

ee.As(Ns(<T');<i,Js(<T')) 

in >^l,(/p(aO,Jp{aO) ><^o:(£(aO,Js{a')) ^"^^ 
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is the normal cone for ig— i,<t' |^i,(o) ^i,k^'i 
(78) the immersion map 



ia-iy - (■^^l,(/p(aO;Jp(aO)><^or('£(aO,Js(a')))/^^' ' 

induced by La-i,a' is an embedding. 

Furthermore, we assume that for every a* &Ai{d, k) such that a* >a — l: 
(19) the domain of the G^-* -invariant immersion La-i^a* induced by io,<T* is 

^?(Ma* ), JP (a* )) X ^0,(Hs {a* ),Jb {a" )) , where 

, , ims.^{peAp{a*;a'):a'<a-l,a'-<a*}, ^^^/fMd,k) 
p^.{a-l) = i \H ^\ , J - ;> s.t. a'<a-l,a'^a*; 

\^0, otherwise, 

P * ((T — 1) 

and Jp{a*)) — ^ •^i,{ip{a*),Jp{a*)) is the blowup constructed in Subsection 2.3; 

(710) if a'eAi{d,k) is such that a-l<a' -<a*, then 

^a-ia* K;' ) = ( U ^ ^o,(k,(.*),j,(.*)); 

pe.Ap(fT*;(T') 

(711) if a* is as in Lemma 4.7, an idealized normal bundle for the immersion La-i^a* is given by 

ie[m*] 

where 

are the two projection maps and 7^p^*(cT-i),i — ^ ■^i\ip{a'') Jp{a*)) i^ ^i^® bundle constructed in 
Subsection 2.3; 

(712) ^^r^ = t^l\^^.(9K^d)) is the closure of Z^. in >J^"(/Jr(a*j,Jp(a*)) ^^0Mcr*),JB{<T*)) and 
the normal cone 



<r-l, (7*1^1,(0) 



for io--i,(T* I^CT* ^ is the closure of A/^^* l^o in A/"/^^ ^ ; 

(713) lu,'ia-i,a^ C U-i<a'^a*2Jl^-\ where 

: (A^5/p(a*X/p(a*))><^0,(HB(a*),JB(a*)))/Ga* ^ 

is the immersion map induced by <.o--i,ct*- 

Finally, we assume that 

(714) the collections {ia-i,a'}a'eAi{d,k) and {la-i,a'}a'eAi{d,k) of immersions are properly self- 
intersecting; 
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(115) for all a' G Ai{d,k), the subvariety OJtj^ ^Q^ of OJt^^fc is proper relative to the immer- 
sions io— 1,0-' and Icr-l^a'- 

By the inductive assumption (/3), if cri and (J2 are non-comparable elements of {Ai{d, k),~<), the 
proper transforms of ^i^^i 9J^i,ct2 become disjoint by the time either is ready to be blown up 
for any ordering < extending the partial ordering Similarly to the three blowup constructions 
encountered previously, (73) will imply that the end result of the present blowup construction 
is independent of the choice of an extension <. By (/9), our blowup construction modifies each 
immersion lq^^* by changing the first factor of the domain according to the blowup construction 
of Subsection 2.3, until a proper transform of the image of Lo,cr* is to be blown up; see below. 
By (ill) and (/13), in the process, the singular locus of io,<T* disappears and the first component 
in every summand of A/^^®^ gets twisted to L. In particular, all blowup loci are smooth. On the 
other hand, by the inductive assumptions (17) and (/8), for a' <a—l the intersection of the proper 

transform of Sft^g) with the proper transform of the exceptional divisor Tli^^i is an embedding of a 
subvariety of a smooth variety. The singular locus of this subvariety is annihilated by the time the 
entire blowup construction is complete, according to the inductive assumptions (77) above and the 
inductive assumption (74) in Subsection 3.4. These assumptions imply that the proper transform 
of (0) after the final blowup step is smooth. 

We note that all of the assumptions (71)-(715) are satisfied if a—1 is replaced by 0. In particular, 
(74) and (712) are restatements of Lemmas 4.6 and 4.10, respectively. The statements (710), (711), 
and (713)-(715), with a — 1 replaced by 0, are contained in Lemmas 4.7 and 4.8. 

If aeAi {d, k) is as above, let 

be the idealized blowup of M^ j."^ along Tll^J^ , which is a smooth subvariety by the inductive 
assumption (713). We denote the idealized exceptional divisor, 

by Ml,^. For each a' e{{0)}L\{Ai{d,k)-{a}), we denote by 

ml,, c Bi^.-Ml;,' c mi, 

the proper transform of dJllJ. Let Trcr = Trcr-i°Ti'a- 

The inductive assumptions (71) and (72), with a—1 replaced by a, are clearly satisfied, while (73), 
(78) for a'^a, and (713)-(715) follow from (2) of Lemma 3.3, Corollary 3.4, and Lemma 4.5. On 
the other hand, by (79), the domain of the immersion to— 1,0- is 

-^iripW,JpW) ^^o,(Hs(a)„/B(a)) = A^i.c/pM.JpH) x2)To,(Hs(a)„/sM)• 
By (711), the chosen idealized normal bundle for the immersion ta-i^a is given by 

= T^*pLp^(a-i),i^^*B<Lo = 7r*pTL ® 7r^7^(H^(,),^^(,)). (4.6) 

ie[m] 
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Thus, the domam of the immersion to-,(T induced by 60—1,0- is 

By the first statement of Lemma 4.3, an ideahzed normal bundle for the embedding to-.a is the 
tautological line bundle over PA/^^^^ ^, i.e. 

Mlf^a =^pl^®^B7(KsW„/sW) = '^*P^®'^*B'^*ea{cT)l(^B{'y),JB{'y))- 

Thus, the inductive assumptions (/4) and (/6), with a' = a and a — \ replaced by cr, are satisfied. 
The same is the case with (18), since the map is an embedding by (113). 

We also note that by the first statement of Lemma 4.9, the inductive assumptions (/I) and (/2), 
and the last statement of Lemma 3.3, 

for all (7* G v4i (d. A;) such that a<a* . In addition, by the last statement of Lemma 4.9 
is a vector bundle for all .4.^(0"; a*) and 



i&p{e) 



Thus, by the first equality in (4.6), 
It follows that 

eG^s(o-;o-*) 

= A^l,(7p(a),Jp(a)) X ( U ^^^;^) 
eG.4B(T;(T*) 

as needed for the inductive assumption (75) with cr— 1 replaced by a and a' = a. 
Furthermore, by (/12), A/^^ ^ is the closure of 

A/^l^o = kerPo,aUo_^^^^^^ ^^^^^^,3^^^^^^, ^^^^^^ 



59 



in 7rpL®7r^F(^^(o.) where ^(Hs((7),JB(a-)) is the bundle homomorphism described in Subsec- 

tion 3.3. Thus, by the first statement of Lemma 4.5, 

w'pr,(o)) 

is the closure of 

in ■^i,(/p(<t),Jp((t)) xS!?Iq'^('[^°^^^j Jb{<t))' '^^^ inductive assumption {17), with a' = a and a—1 replaced 
by cr, now follows from the first statement of Lemma 3.1L 

We next verify that the inductive assumptions (/4)-(/7) hold for a' <a, with a — 1 replaced by a. 
li a'yi.a, then 

Qa' {(t) = Q.'{(t-1) and Ml'} n M";' = 0, 
by definition and (/3), respectively. It then follows that 

and Mi^^, n W^^„, = ml~J n Ml'l Va* G {{0)}uAi{d, k). 

Thus, the inductive assumptions (74)-(77), as stated above, imply the corresponding statements 
with cr — 1 replaced by a. 

Suppose that a' -< a. By (14) and (1) of Lemma 3.3, the domain of the immersion l^^^i induced 
by La-\,a' is the blowup of 

A4l,(/p(a'),Jp{a')) X ^or(£(aO,JB(^')) 

along the preimage of 9?ti_o-^ under t^-i.tr' i^i 

idx7rg^,(^_i) : A^i,(7p(aO,Jp(aO) ><33tor(£(aa^B{<^')) ~^ ^Wp{'^'),Jp{'^'))^^o,{^B{<T'),JB{a')y 
By (75), this preimage is 

By the inductive assumption (75) in Subsection 3.4 and the second paragraph after Lemma 4.9, 
Thus, by the construction of Subsection 3.4, the blowup of 9J^o°('hs(ctO JBi^r')) ^^^"^S 



Q&AB{<y' ■,<y) 



is SPTq'^^'jI^I^,-) needed for the inductive statement (74), with a — 1 replaced by a. The in- 

ductive requirement (75) is obtained by the same reasoning, using the last statement of Lemma 3.3. 
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Since Til ^ot contained in Til J , the bundle homomorphism 



must be surjective on every fiber over i^^-^^ ^, (971^^. ) by (114). Thus, the inductive assumption (/6), 

for a' < a, continues to hold. Furthermore, by (17) and the last statement of Lemma 3.3, Z'^, is 
the closure of 



geAsicr' •,cr) ee.4B(Ks{<T');d,Js('^')) 

io-)<e 

in A1i,(7p(CTO,Jp(aO) ><^or('is((T'),Js((T'))- construction of Subsection 3.4, 

Since 2?^^, is transverse to the zero set outside of the subvarieties TUq"^ ^'^^ with g > g^i (a) by 
the inductive requirement (74) in Subsection 3.4, we conclude that the first part of the inductive 
assumption (77), with a — 1 replaced by a, is satisfied. The second part follows from the last 
statement of Lemma 4.5. 

It remains to verify the inductive assumption (79)-(712), with a — 1 replaced by a. Suppose 
a* G Ai {d, k) is such that a<a*. If cr 7^ cr* , then 

Pa* (a) = (a - 1 ) and m^^^l n = 0, 

by definition and (73), respectively. It then follows that 

and ml^. n ml^, = m1~l n m1~J Va' g { (o) } u (d, fe) . 

Thus, the inductive assumptions (79)-(712), as stated above, imply the corresponding statements 
with £7 — 1 replaced by a. 

Suppose that a~<a*. By (79) and (1) of Lemma 3.3, the domain of the immersion l^^^* induced 
by La-i,a* is the blowup of 

along the preimage of SPti^g-^ under La-i,a* in 

7rp,.(a-l) Xid: ^?;'(/p(a*),Jp(a*)) ^ ^0,(Kb(<t*),Js(<t*)) ' ^,(/p(a*),Jp(a*)) xarto,(KB(a*),Js(<T*)) 
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By (/lO), this prcimage is 

By Lemma 2.6 and the paragraph after Lemma 4.6, 

Thus, by the construction of Subsection 2.3, the blowup of M.i'(^ip(^a*) Jp{a*)) ^'^o^g 

U M'c"-'' 

peAp{a*;a) 

is jp(o-*))) as needed for the inductive statement (/9), with a — 1 replaced by a. The 

inductive assumptions (/lO) and (ill) are verified similarly, using the last statement of Lemma 3.3 
and Lemma 4.3. The argument for (/II) is nearly identical to the verification of the inductive 
assumption (/II) in Subsection 3.4. Finally, the inductive requirement (/12), with cr — 1 replaced 
by (7, follows from the last statement of Lemma 4.5, along with the assumptions (/I) and {12). 

We conclude this blowup construction after the (Tmax step and put 

^o,(p",d) = OTi-o), ^ = ^<^ma.br,foT' ^""^ ^.(P",d) = zr^. 

The inductive assumptions (/l)-(/8) imply that 

7f:^?,,(P-,d)^M?,fe(P",d) 

is a desingularization as described in Subsection L2. By (/3), the final result of this blowup 
construction is independent of the choice of full ordering < extending the natural partial ordering -< 
on Aiid, k). 

5 Proof of Theorem 1.2 

5.1 Pushforwards of Vector Bundles 

In this section we prove Theorem 1.2 by lifting the construction of Section 4 from stable maps into 
P'* to stable maps into (the total space of) the line bundle C 

Let r : C — > P" be the bundle projection map. We denote by 9Jli^fc(>C, d) the moduli space of 
degree-d stable maps from genus-one curves with k marked points into C. The projection map r 
induces a morphism, 

?>:Mi,fc(£,d) ^Mi,fc(P",d), [S,ron]. 

Since no fiber of C contains the image of a non-constant holomorphic map, the ghost components 
of (E, T ou) are precisely the same as the ghost components of (S, u). We note that 

p-^([E,u]) = //°(E;u*£)/Aut(S,ti). 
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In particular, p is a bundle of vector spaces, but of two possible ranks: da and da+1. Let Sc denote 
the sheaf of (holomorphic) sections of 



ml,{F\d). 



Similarly, denote by Sc the sheaf of sections of 

p:rmi,k{jo,d) ^Til„{r\d), 

where tt: SfJlJ ^(IP"', d) — ^^^,k(^"'jd) is the desingularization map of Theorem 1.1: 



n*mi,k{£,d)- 
p 



P 



Lemma 5.1 With notation as in Theorem 1.2 and above, 

(1) the sheaves Sc and 7r*ev*Opn(a) over SDt^ j.(P", d) are isomorphic; 

(2) the sheaves Sc and 7r*7f*ev*C'pn(a) O'uer SDtJ ^^.(P"', d) are isomorphic. 



Let il£ be the universal curve over 9JTi^fc(£, d)|^o 



with structure map 7r£ and evaluation 



map ev£. The projection map r induces a morphism pc on it/; so that the diagram 

.C 



il 



commutes. Suppose C ^ (P" , d) is an open subset, 
(i) An element 

s e {7r*ev*C»pn(a)}(W) = H"{Tr-\W);ev*C) 
induces a morphism s: 7r~^{W) — so that ev = To s. In turn, s induces morphisms fg and fg to 



Tr-\W) ^ 



ev£ 



W 



so that s = ev£0 fg. Then, 

ev o p o fg = T o ev£o = r o s = ev: 7r~"^(PF) 



po fg = idw, 
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since n o po fg = p o fgO it. Thus, fs^SdW). It is immediate tliat the map 

{Tr,eY,Own{a)}{W) Sc{W), s /„ 
induces a sheaf homomorphism. 

(ii) Conversely, let aeSc{W), i.e. a: W — >dJti^k{^,d) is a morphism such that poa = idw- Since 

Tr-\W) = iX\w = (T*iXc- 

Thus, a lifts to a morphism 

a:Tr-^{W) = a*iXc — ^ilr- 

Let ga = evco d'. Then, 

T o gcr = T o ev£ oa = evopoa = ev, 
i.e. gcr^H^{'!^~^iyV);eY*C). It is immediate that the map 

Sc{W) {7r,ev,Opn(a)}(W^), a g^, 

induces a sheaf homomorphism. Furthermore, 

5/, = s Vs € {7r,ev,Opn(a)}(II^) and fg^ =a Va G Sc{W). 
These observations imply the first statement of Lemma 5.1. The second claim is proved similarly. 

Let 

M°it(Ad)cMi,ik(Ad) 

be the closure of the locus of maps from smooth domains. We show in Subsection 5.4 that the 
proper transform SDtJ ki^^'^) ^i,k{^i'^) 

is smooth. Similarly to the case of OJt^ A;(^") ^)) main stratum of Ti\^{C,d), 

aeAi{d,k) 

is smooth. On the other hand, by the inductive assumption (71) and the last paragraph of Sub- 
section 5.4, for each a&Ai{d,k) 

is the image of a smooth variety under the bundle homomorphism jama^,a lifting the embed- 
ding t(Tmax,CT of Subsection 4.3. Thus, 

is a smooth subvariety of dJ\^ /,{£,, d). As its normal cone in dyi^i^{C,d) is a line bundle by the 
inductive assumption (71) of Subsection 5.4 for every a G Ai{d,k), we conclude that the entire 
space SEJiJ j.(jC, d) is smooth. Furthermore, the fibers of 

p:ml,{£„d)-^ml,{¥\d) 
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are vector spaces of the same rank and Tl^ ^(>C, d) contains SDt^ ^^(P"', d) as the zero section. Thus, 
p is a vector bundle. 

Lemma 5.1 and the previous paragraph imply (1) of Theorem 1.2. The second claim of this theorem 
is obtained in the last paragraph of Subsection 5.4. Finally, (3) of Theorem 1.2 follows from (4) of 
Theorem 1.1 and the following lemma. 

Lemma 5.2 Suppose n : 9Jl — > dJl is a morphism between varieties, il — > dJl is a flat family of 
curves, L — is a line bundle, and tt: il — >dJt and L — ^il are the pullbacks of iX and L via 



il=^*il 

TT 



TT 



il 



TT 



TT 



If the morphism tt is surjective and its fibers are compact and connected, then 



Since C is locally trivial. Lemma 5.2 follows from 

In turn, this identity follows from the fact that every holomorphic function on a compact connected 
variety is constant. Thus, if C 9Jl is any open subset and / is a holomorphic function on 
TT~^{W) cSUt, then / is constant on the fibers of tt, i.e. f = Tt*f for some holomorphic function / 
on W. 

5.2 Construction of Bundle Homomorphism 

In this subsection we describe the surjective bundle homomorphism that appears in the second 
statement of Theorem 1.2; see Proposition 5.5. The construction of this homomorphism is similar 
to the construction of the homomorphism in Subsections 3.3 and 3.4. 

Let C — >-P" be a line bundle as in Subsection 1.2. If J is a finite set, let 

Vo = ^o,{o}uj(^, d) Mo,|o}uj(P", d) 
be the corresponding cone. In particular, if [S,it] & ^o,{o}uj{^^jd), then 

^o|p,„] = ^°(^;^*^)Mut(s,u). 

In this, genus- zero, case, this is a vector bundle of the expected rank. Let 

V": r(S;u*/:) — > r(S;r*EOM*i:) 



65 



be the pullback of the standard Hcrmitian connection in L by u. We define 

So e r(Mo,{o}uj(IP",c?);Hom(Lo0Vo,ev*/:)) 

= r(Mo,{o}uj(P", d): Hom(Lo, Hom(Vo, ev^/:))) 
= rpo,{o}uj(P", o!); Hom(Vo, Hom(Lo, ev*£))) 
by So^ = V"^U„(i:,„) VeGi^°(S;u*/:), 

where Xo(S, u) G S is the marked point labeled by as before. We note that SDq vanishes identically 
on the subvarieties SDto,CT(lP'") c^) with (tG.4o(c?, J) defined in Subsection 3.2. 

If and J are finite sets, let 

P(H,J): V(K,j) -^Mo,(H,j)(P",d) 

be the vector bundle induced by £, where 93to^(K,j)(P", is as in Subsection 3.3. It is immediate 
that 

V(K,J) = {teWG0<Vo:evo(^i) = evote') Vi, i' G = Mo,(h,j)(A c!)- 
Note that for every a={m; Jp, Jb) G.4o(d, J), 

i*Vo = 7r5V([„]^jg) > A1o,{0}U[m]UjB X^O,([m],J)(IP'"')C?)) 

where is as in Subsection 3.2. 

Lemma 5.3 IfdEZ'^, J, L, andVo are as above, the bundle homomorphism 

So G rpo,{o}uj(F",c?);Hom(Vo,L*®evS/:)) 

is surjective on the complement of the subvarieties SDto,(T c^) with aE:Ao{d,J). Furthermore, for 
every 

a = {m; Jp, Jp) G Aoid, J), 

the differential of Do, 

VSo : C Hom(Vo, L*o^ev*oC) = 7r|,LS®7r^Hom(V([^],j^), ev^£), 

in the normal direction to the immersion is given by 

^®oLj,L,®^|,,r*Lo = T^*pSi®T^*B<^0 Vi G [m], 

where si is the homomorphism defined in Subsection 2.2. 

Lemma 5.3 can viewed as the analogue of Lemma 3.8 for vector bundle sections. The first claim 
of Lemma 5.3 is an immediate consequence of the fact that 

H^{^]u*C®0{-2z)) = {0} 

for every genus-zero stable map (S,-u) and a smooth point zGS such that the restriction of u to 
the irreducible component of S containing z is not constant. The second statement follows from 
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[Z5, Lemma 4.2]. 

With notation as in Subsection 3.3, let 

G rpo,(K,j)(P",c/);Hom(V(K,j),Hom(F(«,j),evS/:))) 

= r(Mo,(H,j)(P", d); Hom(F(H,j) , Hom(V(«,j), evS£))) 

= rpo,(H,j)(P", d); Hom(F(H,j) ®V(k,j), ev^/:)) 
be the homomorphism defined by 

(N-J)l7r*Lo®7r*Vo ^Q, Otherwise; 

It induces a section 

So erpO(^,,,)(r\d);Hom(7(H,j),vr;^,,,„Hom(V(«,j),cvS/:))) 

= rpS,(H,j)(P",^^);Hom(7rJ^^^_^^V(K,j),E^0;r>^^_^^evS>C)). 

This section vanishes identically on the subvarieties g (P" , d) of 9Jl^ (P" , d) with G >Ao (i^ ; cZ, J) , 
defined in Subsection 3.3. 

Lemma 5.4 T/ie bundle homomorphism 

So e rpO(^^^)(P",d);Hom(4p^^^^V(K,j),E^®7r^^^^^evS£)) 

is surjective on the complement of the subvarieties 9?to,e* (P", (i) with g* € ^o(^; J)- Furthermore, 
for every g* eAo{'i^;d, J) as in Lemma 3.10, the differential ofSo, 

VSo: Mo,,* — ^io*,*Hom(4j,^^^^^V(x,j),E5C57r>(^_^jevS>C) 
= 7r|,E;5«)7r|jHom(V(HB(g*),jg(^*)),evo/:), 
in the normal direction to the immersion lq^q* is given by 

and VSqI^t = 7i"pid<8)7r^I>(Ks(^*),js(0*)), 

where So,(i,i) ?'s the hom,omorphism defined in Subsection 2.4- 
This lemma follows immediately from Lemma 5.3. 

Proposition 5.5 With notation as above, there exists a surjective bundle homomorphism 
Grpo,(K,J)(P",d);Hom(7r*(^^j)7r;f^^_^^V(«,j),r®7r*(^^j)7r;^^^ 

such that 

I^^(H,J) =P^(H,J) - U ^Oj^^'^d) C OTO^(,^^)(P",d),mto,(K,J)(P",ci). 
0e-4o(«;<i,J) 
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In fact, in the notation of Subsection 3.4, for every g G {0} \J AqCR; d, J) there exists a bundle 
homomorphism 

e r(^g^(^^^^;Hom(7r*7r;p^^^^jV(H,j),E*07r*4F^^^^^ev^/:)) 

such that 

(i) the restrictions of and So to ^F^^^ agree; 

(ii) 2)g is surjective outside of the subvarieties STIq ^, with g* > g; 

(iii) vanishes identically on the subvarieties 9JIq g« with g* > g; 

(iv) for each g* > g, the differential of Dg in the normal direction to the immersion tg^g* 
is given as in the statement of Lemma 5.4, but with So,{«,j) replaced by •Sp^* 

Similarly to the construction of the bundle sections Vg in Subsection 3.4, we construct the bundle 
homomorphisms Tig inductively starting with Dq and twisting by the exceptional divisor at each 
step. The inductive assumptions (i)-(iv) are analogous to (73), (74), and (/12) in Subsection 3.4 
and are verified similarly. Of course, we take 

5.3 Structure of the Cone j. 

In this subsection we describe the structure of the cone 

Po:Mi,fe(Aci)^Mi,ik(P",d), 
restating the primary structural result of [Z5]. 

For each element a = {m; Jp, Jb) of Ai{d, k), let 

The subvarieties''' 9Jti,(j(jC, d) of Tli^ki^,d) can also be defined analogously to the subvarieties 
dJli^a{^"',d) of SDti,fe(P'*,(i); see the beginning of Subsection 1.2. Similarly to Subsection 4.2, let 

jo,a-J^l,(Ip(a),Jp{a)) X V(Hs(a),JB((T)) ^ Vl,a ^ V^^ 

be the natural node-identifying immersion so that the diagram 

^l,{Ip{a),Jp{a)) X "l^(Hs(a),Js(a)) — " K't ^ ^l,k 



id 



Po,, 



Po 



„ t'0,(r ^ ^ 

■^l,{Ip{a),Jp{a)) X ^0,{^b{t),Jb{t)) * ^1,<t ^ ^l,k 

commutes. 

Lemma 5.6 If d,n € Z+ and k £ the collection {jo,a}(7eAi{d,k) of immersions is properly 
self-intersecting. For every aE:Ai{d,k), 

is an idealized normal bundle for jo^^ ■ 



'^typo fixed 
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The differential dpo of po induces a surjectivc linear map 

Im 470,(7 — ' Imdio^a- 
Since the fibers of po are vector spaces, it follows that dpo induces an injection 

Thus, Lemma 5.6 follows from Lemma 4.7. 

We denote by V° the main component 9?l° (C, d) of the moduli space 9Jti,fc (jC,d). U aeAi(d,k), 
we put 

w^=ior.Hn%)^ior;(v?,(o)nv,v). 

Note that 

{idxpo,a}K)=^°^io:^P?,(0))- 

Let AfW^ C A^'J^'^ be the normal cone •^jo„\v°^Q^ jo,a\w2 (o)' structure is described in 

Lemma 5.7 below. Let 

^o,a e r(7^ (j^(^) x9Ho,(Hs(a),Js(a));Hom(7rBV(Ka((,),j^((,)),Hom(A/;'J^,7rp 

= ^{^^l,{Ip{a),Jp{a))><^0,{Hs{a),JB{a)y,'iiom 

be the section defined by 

where Si and IDq are as in Subsections 2.2 and 5.2, respectively. If C^'^B^{i<B(u),JB(u))y "^^ ^^^^ view 
25o,ctC a homomorphism 

Lemma 5.7 For all a ^ Ai{d, k) , Vj'^Qj is a proper subvariety of relative to the immersion jo^^- 
The homomorphism 

induced by dpo is injective. Furthermore, 

and ATW^I^ = ker {^oA}\^^o^^,,^^^^^^,,, C M^l V^gW^^o- 
Finally, >V° is i/te closure o/W^l^o i^ (/^((^) x V(Kb(o-) Js(o-)) a^if^ A/'W° «s the closure of 

Since the fibers of po are vector spaces, the first two sentences of this lemma follow from Lemma 4.10. 
The middle claim of Lemma 5.7 is a restatement of [Z5, Lemma 3.4]. The remaining claims of the 
lemma follow from [Z5, Lemma 3.4] by dimension counting, similarly to the argument following 
Lemma 4.10. 

Remark: It may appear that the statement of Lemma 5.7 depends on the choice of a hermitian 
connection (or metric) in the line bundle C — >P". As explained in detail in [Z5, Subsect. 3.3], the 
dependence is only on the holomorphic structure of £, as the case should be. 
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5.4 Desingularization Construction 

In this subsection we lift the inductive blowup construction of Subsection 4.3 to the cone 
For each aeAi{d, k), let Vf j. ^tt* V^^^. be the pullback of V^,^ to Mi ^: 



P<7 



Po 



l,fe 



For each a' €Ai{d,k), let 



The bundle homomorphisms _7o,(t' lift to bundle homomorphisms onto V^^, covering the immer- 
sion La „i of Subsection 4.3: 



a'<a: 



u'>a: 



JcT,a' 



id 



A^l,(/p(a'),Jp(a')) X ^or(KB(a'),^B(a')) 



*ViV c vf. 



id 



•^ir(M<T'),Jp(^')) ^ ^0,(Hs(a'),JB(a'))' 



The collection {L-a,(T'}(T'eAi{d,k) of immersions is properly self-intersecting by the inductive assump- 
tion (/14) of Subsection 4.3. Thus, by the same argument as in the paragraph following Lemma 5.6, 
so is the collection {ja,a'}a'eAi{d,k)- Furthermore, 



A/;''i^ = {idxp,,,,}X''^ 



(5.1) 



is an idealized normal bundle for jcr,cr'- These two observations also follow from Lemma 5.6 by 
induction using Lemmas 4.2 and 4.3. 

Lemma 5.8 IfaEAi{d,k), Vi~^ is a smooth subvariety ofV^^^ and 

is the idealized blowup ofV^'j^^ along V^~^. 
Recall from Subsection 4.3 that the immersion 



ia-l,a- (A4l,(/p(o-),Jp((T)) x3Ho,(Hs((t),Jb((t)))/<^<t ' ^l,a ^l,k^ 
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:<7-l 



induced by ia-i,a is an embedding and 

TTa : Ml^k — ' ^i,k 
is the idealized blowup along dJli^J^ . Thus, the immersion 

Ja-l,a- (>tl,(/p{a),Jp(a)) xV(Hs(a),JB{(T)))/Ga > V^~^ C V^J^^ 

induced by ja-i,a is also an embedding and Vi^^ is a smooth subvariety of V'[~j^^ . Let 
be the idealized blowup along V'[~j^^ . Since 
and the linear map 

induced by dp^-i is injective, Pa-i lifts to a map p over the blowdown maps tTo-: 

V ^ ; 



,0-1 

,k 



P 



Pa-1 



mi' 



Then p and the top arrow** tt^ factor through a morphism / to ^a^ffe^- 

V- 




We show in the next paragraph that / is an isomorphism. Since ttJV^^^ ~'^ik^ ^^^^ implies the 
second statement of Lemma 5.8. 



By construction, the maps 
are isomorphisms on the complements of the idealized exceptional divisors 



mlk' and n^:V — > V^^^ 



* added "the top arrow" to make clear which tTo- you mean. — R 
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Thus, /: V — >7r*Vi,fe is an isomorphism over the complement of Tli „ in 971^ ^. In particular, / is 
linear on all fibers of p. Furthermore, 

On the other hand, since 

by (5.1), we have 

VI,=pUFM^^., = {(^,£)GVr;^xPA/-^_,:p,_i(^)=7f,(£)}. 

Thus, the restriction of / to Vf must interchange v and i, i.e. it is a vector bundle isomorphism 
over 93tife. Finally, is a smooth subvariety of V^^ ^ and 

Thus, similarly to (1) of Lemma 3.3, the proper transform of dJli f^ in V is the blowup of j.^ 
along 

i.e. V contains 93t^ j^. as the zero section. The map / must be the identity on 931^;^.. Since / is a lin- 
ear isomorphism on all fibers of p by the above, it then follows that / is an isomorphism everywhere. 

Remark: If V^^^ is a vector bundle over SDTi^jt^, the second statement of Lemma 5.8 applies to 

standard blowups of 9Jli i^^ and V^^^ as well. However, the second statement does not generally 
apply to standard blowups in the setting of Lemma 5.8, as the analogue of the morphism / may 
not be surjective. 

By the inductive assumption {II) of Subsection 4.3, the projection map tt^ is an isomorphism 
outside of the subvarieties ^, with a' <a. We denote by 

Km c Kk 

the proper transform of K (o)- ^'^^ ^^^^ a' &Ai{d,k), let 

w^' = C' (Km) = (K,(o) n Vi%,) . 

By the inductive assumption (/15) of Subsection 4.3, 9?ti (q) ^ proper subvariety of with re- 
spect to the immersion to-,o-'. Thus, by the same argument as in the paragraph following Lemma 5.7, 
the subvariety V^(o) Kk proper with respect to the immersion Jo-,(t'- Furthermore, if 

denotes the normal cone for ja',a\w, ™ (o)' ^^^^ the homomorphism 
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induced by dpa^ is injective. Tiicse two observations also follow from Lemma 5.7 by induction using 
Lemma 4.5. 



If a' G A ((^, A:), let 

By the inductive assumptions (/7) in Subsection 4.3 and (/4) in Subsection 3.4, 

^^'=C'Pi.(o)) 
is the closure of A^i,(7p((t'),Jp(o-')) ^°';B 

A^l,(/p(a'),Jp(a')) X ^Or(KB(a'),JB(a')) 

for all a^Ai{k^d) such that a' <a. 

Suppose cr G {0}Uv4i (d, fc) and cr' G v4i (d, A;) . We claim that 
(Jl) if a' <a, then W^, is the closure of 

A^i,(/p(cr'),Jp(<T')) X kerSol^o C A^i,(7p(a'),Jp(<T')) x ^PRf, n1^(«p(<T'),Js(a'))' 

(7 ',B ^ ' ' 

•A^1,(/P(^'),^P{<^')) ^ K.,{T)^PF(^^,j)^i^B{a'),JB{a')) 

in X 7r*^,(^)4F^^^^jV(Hs(a'),Js(a')) and 

(12) if a' > a, then W^, and MW^, are the closures of 

'^UiX'Up('^'))^^(^B{-n,JB(<r')) and in A/^^J^^^,, respectively. 

If (7 = 0, the assumption (/I) is trivially satisfied, while (12) constitutes part of Lemma 5.7. Sup- 
pose aGAi{d,k) and the two assumptions hold with a replaced by a—1. By Lemma 5.8, is 
the idealized blowup of Vf^^ along Vi~^. Thus, by the last statement of Lemma 4.5 both of the 
inductive assumptions continue to hold for a'j^a. 

On the other hand, let 

2a;B = {b^^O,{ii:B{a),JB{a)) ■ ^er 7^ O} , 

= {^^^(^B{a),JB{a))\z^.,B ■ {©(H^W.Jb W)0|kerl?(«^(,),^^(,„|^^_^_^(,) ^ W}, and 
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By the inductive assumption (/12) in Subsection 4.3, 

^ n (A^l,(/p(<x),Jp((T)) x9^0,(Hs(a),Js(a))) = •A^1,(/p((t), Jp((t)) X and 

By the inductive assumption (/2) above, Lemma 5.7, and the inductive assumption (111) in Sub- 
section 4.3, W^~^ and AfW^~^ are the closures of 



'a 



1^0 = {eG^|jV(H3(,),j^(<,))bo:ker{2)o,.e}|^^o|^^^^^^^^j^^j7^{0}} 



in •A^i,(/p(ct),Jp(o-)) x"I^(Kb((t),Js(o-)) and in 
As before, 

are the projections onto the principle and bubble components. The bundle homomorphisms Sj and 
Si of Subsection 2.3 agree on 

A^1,(/pW,Jp(<t)) C -^l,(7p(a),Jp(a)),-A^l,(/p(a),Jp(<T))- 

The homomorphism Sj is an isomorphism from Lj to E* over A^i,(/p(o-),jp((T))) and both line bundles 
are isomorphic to L. It follows that W^~^ and J\fW^~^ are the closures of 

Mi,{Ip{a),Jp{a))Xy^a;B and 7r|,L (g) TT^ATW^b 

in Xi,(/p(a),jp(<T)) X V(K5(^),j^(<,)) and in 

Thus, by the first statement of Lemma 4.5, 
is the closure of 

F{Tr*phm*BMW%) = Mixip(a),Jp{a)) X PA/'W°.s = Muip{a),Jp(a)) X kerSol^o 

^ P-^'^!!,. = •^l,(/p(a),Jp(a)) XTtJj,^^ _^jV(K^(^),j^(^)), 

i.e. the first part of the inductive assumption (71) for a' = a\s satisfied. Furthermore, by the second 
part of (1) of Lemma 4.5, 
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We have thus verified the second part of the inductive assumption (/I) for a' = a. 

Since the immersions v,(t' with a' <a are embeddings by the inductive assumption (78) in Subsec- 
tion 4.3, so are the immersions 

induced by . In particular, all of the morphisms 

are embeddings. On the other hand, by the inductive assumption {II), 

w^, ^ ^ j;^^^^, {ml,{c, d)) ^ (KjoT) 

is the closure of 

-A^l,(/p(<T'),Jp(cT')) X ^^^^ol^o,.^ ^ ■^l,ap(<^'),^p(^'))X^O,(KB(a'),^B(<T'))^P^'(K,j)''^(«s(a'),^B(a'))- 

By Proposition 5.5 and the inductive assumption (78) in Subsection 4.3, this closure is 

-Mi,(/p(a'),Jp(<7')) X kcrS(j^(^,),j^(^,))|^^,^^, where 

^a';B = ^(}p(<.'),jp(<.'))(0)- 

Since the bundle section i'(ip(a'),jp(a')) is transverse to the zero set, Z^t'-b is a smooth subvariety 

of^o,(/p(a'),Jp(-'))(IP"'^) and 

Wa' > A^1,(7p(ct'),Jp((t')) X ^(t';B 

is a smooth vector bundle by Proposition 5.5. We conclude that 

m%{c,d)nv'[-r 

is a smooth subvariety of 971^ A;(^5 ^) fc>r all cr' G Ai^k{k, d). Its normal cone is a line bundle by the 
inductive assumption {II). 
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